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1. 

SYSTEMIS AND METHODS FOR 
PARALLELIZING AND OPTIMIZING 
SPARSE TENSOR COMPUTATIONS 

CROSS REFERENCE TO RELATED 
APPLICATIONS 

This application is related to and claims the benefit of 
priority to U.S. Provisional Patent Application Ser. No. 
61/903,625 filed on Nov. 13, 2013, the entirety of which is 
incorporated herein by reference. 

FIELD OF THE INVENTION 

The present disclosure generally relates to computations 
using more than one processor. More particularly, the dis 
closure describes a system, methods, and apparatus for 
performing irregular operations using several processors. 

BACKGROUND OF THE INVENTION 

Many critical data applications include irregular compu 
tations, such as computations over sparse data or computa 
tions in which what particular operations are to be per 
formed may be determined at run time, based on the values 
of one or more data elements. As an example, many real 
world data analysis applications use multi-linear algebraic 
(or tensor) computations. Such as tensor decompositions, for 
performing analysis of multi-dimensional real-world data. 
The multi-dimensional arrays representing real data are 
usually very large and can be sparse making the tensor 
computations performed over them irregular. These large, 
sparse multi-dimensional arrays (generally called sparse 
tensors) pose significant challenges to optimizing computa 
tions performed with them. The corresponding irregular 
sequence of operations (also called an irregular code) is, in 
general, harder to parallelize than a regular sequence of 
operations at least in part because the amount of parallelism 
may be dependent on the input data that can be known only 
at run time. Further, the irregular codes are usually memory 
bound and the processor often spend Substantial time in 
accessing the required memory locations. The fact that data 
locality optimizations may depend on the input data, which 
may become available only at run time, can further compli 
cate the design of locality, parallelization, and/or other 
optimizations that may be used to improve the performance 
of irregular codes. Additionally, the Volume of data pro 
cessed in critical data applications are growing in size, 
adding to the complexity. 

Multi-core architectures, which can include several cores 
within a single chip, and several cores across different chips 
in one or more packages, and multi-processor architectures 
are becoming increasingly popular. In this disclosure, multi 
core systems generally include multi-processor systems. 
These system can facilitate parallel execution of computa 
tional tasks, and may direct current and future system 
designs. Optimizing irregular computations on modern 
multi-core systems is therefore an important problem to 
address. Memory issues may highly affect high-performance 
Software design and these issues are usually complicated by 
the multi-core trend. For performance reasons, some modern 
multi-core systems have a complex hierarchy of memory 
units exhibiting a Non-Uniform Memory Access (NUMA) 
model in which there is a great diversity in latency across 
different memory units, which may include off-chip DRAM 
and several levels of on-chip and/or off-chip caches. Typi 
cally in a multi-core system, there are significant distances 
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2 
between cores and each core has one or more local caches 
that are closer to the core and have lower latency than the 
remote caches. Further, cores may be placed in distinct CPU 
Sockets and that may introduce additional disparity in 
latency. These factors can affect the mapping of a software 
application to the available hardware system using several 
cores and having a hierarchical memory Subsystem for 
maximizing the performance of the Software system, e.g., 
maximizing the speed of execution, minimizing energy 
and/or power consumption, etc. 

Various researchers have studied memory issues with 
NUMA. Also, there has been significant amount of work on 
optimizing sparse matrix computations—most of the opti 
mizations target performance improvements at various 
memory levels in memory hierarchy including an optimized 
data structure for storing the sparse matrix, exploiting block 
structures in sparse matrix, and blocking for reuse at the 
level of cache, TLB, and registers. These efforts, however, 
do not address NUMA issues arising in sparse “multi 
dimensional array' (e.g., having more than two dimensions) 
or sparse tensor computations wherein the challenges are 
significantly different from those arising from two-dimen 
sional sparse matrix computations. 
NUMA-aware graph mining techniques have been pre 

sented for graph problems such as Betweenness Centrality 
detection. Tensor computations may be considered to be 
"hypergraph' or “multi-link graph computations, similar to 
graph computations, but the techniques applied for optimiz 
ing graph computations generally do not handle multiple 
access patterns arising from the same input data for different 
“mode” computations, which are commonly involved in 
Tensor computations. Some hypergraph partitioning tech 
niques are well Suited for partitioning sparse matrix com 
putations. However, they would likely introduce costly 
overhead for sparse tensor computations. Another technique 
described in a co-pending application (U.S. patent applica 
tion Ser. No. 13/898,159, entitled “Efficient and Scalable 
Computations with Sparse Tensors”), which is incorporated 
herein by reference in its entirety, describes new sparse 
tensor storage formats for improving the performance of 
sparse tensor computations, which may be complimentary to 
the embodiments described herein. Those systems and meth 
ods can improve single-node performance. Techniques to 
handle computations with very large sparse tensors on a 
distributed memory environment have also been presented, 
but these techniques do not take into account modern 
distributed memory clusters that include clusters of multi 
core and/or multi-processor systems. 

Irregular computations are often associated with sparse 
tensors. A tensor is a multi-dimensional array and the order 
of a tensor is the number of dimensions of the array, also 
called modes of the tensor. Two popular and prominent 
tensor decompositions are CANDECOMP/PARAFAC (CP) 
and Tucker decompositions. CP decomposition and two 
widely used algorithms to determine CP tensor decomposi 
tion are described below. 
CP Decomposition: The CP tensor factorization decom 

poses a tensor into a Sum of component rank-one tensors (A 
N-way e.g., N-mode tensor is called a rank-one tensor if it 
can be expressed as an outer product of N vectors). The CP 
decomposition that factorizes an input tensor X of size 
IX . . . XI into R components (with factor matrices 
A'. . . A' and weight vector) is of the form: 

R 

X Xa, alo...oa!" 
El 
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wherea," represents the r" column of the factor matrix A" 
of size IxR. 
CP-ALS Algorithm: The widely used workhorse algo 

rithm for CP decomposition is the alternating least squares 
(ALS) method. The CP-ALS algorithm is presented in 
Algorithm 1 depicted in FIG. 1. 
CP-APR Algorithm: An Alternate Poisson Regression 

(APR) fitting algorithm for the non-negative CP tensor 
decomposition which is based on a majorization-minimiza 

5 

tion approach has also been developed. One embodiment of 10 
the CP-APR algorithm is presented in Algorithm 2, depicted 
in FIG. 2. 
The main computations involved in the above algorithms 

include: 
Tensor mode-n matricization or representing the N-di 

mensional tensor as a two dimensional matrix, X->X. 
Matrix transpose 
Inverse of a diagonal matrix 
Pseudo-inverse of a matrix, V 
Matrix matrix multiplication, C=A B 
Matrix Khatri-Rao product, C=AG)B 
Matrix element-wise division, C=AOB 
Matrix element-wise product (Hadamard product), 
C=A*B 

When the input tensor is dense, the above-mentioned 
computations are all dense and regular. The R-StreamTM 
compiler has been well established as an effective source 
to-source high level optimizing compiler to parallelize and 
optimize such dense regular computations. However when 
the input tensor is sparse, the computations involving (and 
affected by the) sparsity of the input tensor are also generally 
sparse and irregular. Examples of sparse computations 
include but are not limited to: 

Sparse matricized tensor times Khatri-Rao product (mtt 
krp) computation in CP-ALS algorithm, represented as: 

x(ANG) ... GA(i+1)GA-DG)... A(i)) 
II computation in CP-APR algorithm, represented as: 

d computation in CP-APR algorithm, represented as: 

In these computations, it can be assumed that the N-mode 
input tensor is stored in co-ordinate format, in which each 
non-zero element is represented by a vector of N indices and 
the non-Zero value. A value is designated to be Zero is the 
magnitude of the value is actually Zero and/or if the mag 
nitude of the value is less than a specified threshold. The 
threshold can be provided as a percentage of a maximum 
value. The values that are not designated as Zero values are 
non-Zero values. Let nnZ be the number of non-zeroes in the 
input tensor. Let IND be a matrix of size innZXN, represent 
ing the indices of all non-zero elements. Let VAL be annZX1 
vector of non-Zero values of the input tensor. 

Computation of II in CP-APR: In the case of a dense input 
tensor, II would be a dense matrix of size I . . . I 
I. . . . IXR. However, in the sparse tensor case, since only 
the elements that correspond to the non-zero indices of the 
input tensor are used further, the size of II needs to be at 
most nnZXR. The sparse computation of II for a mode n is 
depicted in FIG. 3A. It is important to note that the com 
putation of II is generally different for each mode of the 
tensor. The computation may involve different arrays and/or 
different rows of arrays depending on the non-Zero indices 
of the sparse tensor. 

15 

25 

30 

35 

40 

45 

50 

55 

60 

65 

4 
Computation of d in CP-APR: The sparse computation of 

d for a mode n is depicted in FIG. 3B. Similar to the 
computation of II, the computation of d can also be different 
for each mode of the tensor. This computation may involve 
different output arrays and/or a different pattern of accessing 
the non-Zeroes of the input sparse tensor. 

Computation of sparse mttkrp in CP-ALS: The sparse 
computation of mttkrp for a mode n is depicted in FIG. 4. 
Like the previous computations, the computation of mttkrp 
can also be different for each mode of the tensor and may 
involve different output arrays, different input arrays, and/or 
a different pattern of accessing the non-zeroes of the input 
sparse tensor. 

Improving the parallel performance of sparse tensor com 
putations often encounters the following challenges. First, 
the amount of parallelism is usually dependent on the 
non-Zero pattern of the input sparse tensor data that may 
become known only at run time. Second, tensor computa 
tions generally have “mode-specific operations, i.e., opera 
tions that access data with respect to the orientation of a 
mode or dimension of the multi-dimensional data. The 
presence of mode-specific operations can make optimiza 
tions harder as the parallelism and data locality character 
istics for computations along one mode may differ from 
those of another mode for the same input data. Third, 
iterative repetition of mode-specific operations in sparse 
tensor codes can make the process of applying optimizations 
specific to a particular mode ineffective, because the liveness 
of the optimizations tends to become limited. 
Some known techniques for sparse computations are often 

not effective and are not directly applicable for sparse tensor 
computations. For example, data reordering is a known 
technique for improving cache locality in irregular codes 
with sparse computations. While this technique is still useful 
for sparse tensor computations, reordering the input data 
once is not sufficient as computations along each mode 
require a different effective reordering and the reordering is 
complicated by the fact, as mentioned above, that there is 
usually an iterative repetition of mode-specific operations. 

SUMMARY OF THE INVENTION 

In various embodiments, irregular operations, such as 
those described above, can be executed efficiently using 
several processors by taking advantage of a relationship 
between different iterations of various groups of operations 
of the overall computation process. In particular, it can be 
determined how the operations associated with a single 
iteration of an overall computational process may be parti 
tioned into different groups and executed efficiently by a 
number of processors. To this end, any of the dynamic 
scheduling techniques described above may be used. A 
mapping of the different groups of operations of the first 
iteration to the several processors is then obtained. Different 
mode-specific mappings may be obtained for different 
modes of computations. Thereafter, during a Subsequent 
iteration, the operations of that lateriteration that correspond 
to a particular group of operations of the prior iteration are 
identified and the aforementioned mapping is used to dis 
tribute the operations of the later iteration to the processor 
that was designated to execute the operations of the particu 
lar group during the prior iteration, without having to 
re-perform dynamic scheduling. This can decrease the over 
head of Scheduling operations on several processors, while 
facilitating parallel execution of the operations. Prior to 
distribution of the later-iteration operations, the mapping 
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may be modified to balance the respective loads of different 
processors and/or to optimize locality of the operations. 

Various embodiments described herein facilitate optimi 
Zation of multi-dimensional sparse tensor computations on 
modern multi-core/multi-processor Systems. These embodi 
ments were evaluated using two popular sparse tensor 
decomposition methods that have wide applications in data 
mining, graph analysis, signal processing, and elsewhere. 
These methods are widely used in various real-world data 
analysis applications such as cybersecurity, environmental 
sensor analysis, and the like. Therefore, as described below, 
real-world sparse data sets were applied as input to during 
evaluation of various embodiments that schedule sparse 
tensor computations, to demonstrate the improvements 
achieved by different embodiments. 

These embodiments feature one or more of: (i) a static 
plus-dynamic task scheduling scheme with low overhead for 
effective parallelization of sparse computations; and (ii) a 
locality-aware factor in the task Scheduling decision mecha 
nism to improve data locality that is driven by the sparse 
data pattern of the input tensor. Additional features, such as 
load balancing, are also included in various embodiments. 

Accordingly, in one aspect, various embodiments feature 
methods of Scheduling operations on a number of work 
processors. The method includes using by a scheduler a 
mapping between a first set of operations and the work 
processors, where the mapping represents one or more of: (i) 
parallelization of the first set of operations, (ii) locality of 
data elements associated with the first set of operations, and 
(iii) workload of the work processors. The first set of 
operations generally correspond to a first iteration of a 
computation involving several iteration steps. The method 
also includes identifying by the scheduler, from a second set 
of operations, a subset of operations to be executed. The 
second set of operations generally correspond to a Subse 
quent or later iteration of the computation and include at 
least one operation that is not to be executed. The method 
further includes designating by the scheduler the subset of 
operations to be executed to the work processors according 
to the mapping. 

In some embodiments, the mapping includes: (i) a first 
mapping corresponding to a first mode associated with a 
data structure that includes a number of data elements, at 
least one of which is Zero, and (ii) a second mapping also 
corresponding to the first mode. The data structure may 
include a tensor having at least three dimensions and, 
typically, several data elements may be zero. For the first 
mode, the mapping may include more than two mappings 
corresponding to different groups, as described below. The 
data elements may be partitioned, based on, at least in part, 
which data elements of the data structure are non-Zero, into 
several groups that include a first group associated with the 
first mode and a second group also associated with the first 
mode. According to the grouping, first-iteration operations 
corresponding to the first and second groups associated with 
the first mode are executable in parallel, respectively, by a 
first work processor and a second work processor from the 
several work processors. The first set of operations includes 
the first-iteration operations corresponding to the first and 
second groups associated with the first mode. The first 
mapping corresponding to the first mode may include a 
designation of the first-iteration operations corresponding to 
the first group associated with the first mode to the first work 
processor. The second mapping corresponding to the first 
mode may include a designation of the first-iteration opera 
tions corresponding to the second group associated with the 
first mode to the second work processor. 
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6 
The subset of operations to be executed may include: (i) 

second-iteration operations corresponding to the first group 
associated with the first mode, and (ii) second-iteration 
operations corresponding to the second group associated 
with the first mode. Designating by the scheduler the subset 
of operations to be executed to the work processors accord 
ing to the mapping may include designating by the sched 
uler: (i) using the first mapping corresponding to the first 
mode, second-iteration operations corresponding to the first 
group associated with the first mode to the first work 
processor, and (ii) using the second mapping corresponding 
to the first mode, second-iteration operations corresponding 
to the second group associated with the first mode to the 
second work processor. 

In some embodiments, a number of the first-iteration 
operations corresponding to the first group associated with 
the first mode is substantially equal to a number of the 
first-iteration operations corresponding to the second group 
associated with the first mode. As such, load balancing in 
these embodiments is based mainly on the number of 
operations and is not explicitly based on memory locality. 

In some embodiments, the several work processors are in 
electrical communication with a work memory, and the work 
memory includes a number of work memory modules. Each 
work memory module may store and provide access to a 
different section of the data elements of the data structure. 
Each of the several work processors may be coupled to at 
least one different work memory module, such that the 
system of work processors as a NUMA architecture. Typi 
cally, all work processors may access data from any work 
memory module. “Coupled to generally implies that the 
coupled work memory module is local to a particular work 
processor and other work memory modules, while acces 
sible may be remote to that particular work processor. 

In some embodiments the method includes, prior to 
designating the Subset of operations to be executed to the 
work processors, modifying the mapping according to a 
workload of one or more work processors. To this end, the 
method may include monitoring for one or more of the work 
processors, a workload that may include a computation load 
corresponding to computation of operations designated to 
the respective work processors, and/or a memory access load 
of the respective work processors. The method may also 
include determining if one or more of the work processors 
are underloaded based on, at least in part, the respective 
computation loads, or the respective memory access loads, 
or combinations thereof. The method may also include 
modifying the mapping being based on, at least in part, the 
respective workloads one or more work processors that are 
determined to be underloaded. 

In some embodiments, the first work processor is deter 
mined to be underloaded. Modifying the mapping may 
include identifying a first neighbor work processor that is 
closest to the first work processor among the several work 
processors, and where first-iteration operations correspond 
ing to a first neighbor group of data elements associated with 
the first mode were designated to the first neighbor work 
processor. Closeness can be determined according to the 
memory architecture of the system that includes the work 
processors and the associated work memory modules. The 
method may also include migrating by the scheduler at least 
one second-iteration operation corresponding to the first 
neighbor group associated with the first mode, to the first 
mapping corresponding to a first mode, for execution by the 
first work processor. A data element(s) associated with the 
one or more second-iteration operations may be local to the 
first neighbor work processor and, as such, the migration 
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may simultaneously optimize loading of the first and first 
neighbor work processors and locality of the data elements. 

In some embodiments, identifying the first neighbor work 
processor includes selecting a work processor that would 
have a workload at least up to a specified threshold after 
migrating one or more operations that were previously 
designated to that work processor to the first mapping 
corresponding to a first mode, for execution by the first work 
processor. Thus, the selected neighbor from which opera 
tions are migrated to the first work processor does not 
become underloaded after the migration. Identifying the first 
neighbor work processor may include additionally, or in the 
alternative, selecting a work processor determined to be 
overloaded. The closest work processor may be selected 
from a subset of work processors that are determined to be 
overloaded. In some embodiments, the method includes 
identifying a second neighbor work processor that is closest 
to the first work processor among the several work proces 
sors except for the first neighbor work processor, where 
second-iteration operations corresponding to a second 
neighbor group of data elements associated with the first 
mode were designated to the second neighbor work proces 
sor. The method may include migrating by the scheduler at 
least one second-iteration operation corresponding to the 
second neighbor group associated with the first mode, to the 
first mapping corresponding to a first mode, for execution by 
the first work processor. As such, migration of operations 
from more than one work processors to a particular work 
processor is facilitated. 

In some embodiments, the first work processor is deter 
mined to be underloaded. A work processor from the several 
work processors that is different from the first work proces 
Sor may be designated as a lender work processor. First 
iteration operations corresponding to a lendergroup of data 
elements associated with the first mode may have been 
designated to the lender work processor. Modifying the 
mapping in these embodiments includes migrating by the 
scheduler at least one second-iteration operation corre 
sponding to the lendergroup associated with the first mode, 
to the first mapping corresponding to a first mode, for 
execution by the first work processor. Thus, operations/tasks 
may be migrated to the first work processor from any other 
work processor designated as the lender processor. In some 
embodiments, the lender work processor is determined to be 
overloaded. Thus, in some embodiments, the migration can 
balance the load without explicitly accounting for locality. 

In some embodiments, the method includes, prior to 
designating the Subset of operations to be executed to the 
work processors, modifying the mapping according to local 
ity of data elements. Modifying the mapping may include 
identifying a lender work processor, where a first-iteration 
operation corresponding to a lender data element was des 
ignated to the lender work processor, and where the lender 
data element is local to the first work processor. The method 
may also include migrating by the scheduler a second 
iteration operation corresponding to the lender data element 
to the first mapping corresponding to a first mode, for 
execution by the first work processor. The migration can 
thus cause an increase in the locality of data elements. In 
Some embodiments, locality can be improved without spe 
cific regard to the loading of the work processors. The first 
work processor may be underloaded, and/or the lender work 
processor may be overloaded. The migration may thus 
improve locality and may balance the load of the work 
processors as well. 

In some embodiments, the mapping includes a first map 
ping corresponding to a second mode associated with the 
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8 
data structure, and a second mapping corresponding to the 
second mode. The data elements may be partitioned, based 
on, at least in part, which data elements of the data structure 
are non-zero, into several groups that include a first group 
associated with the second mode and a second group also 
associated with the second mode. First-iteration operations 
corresponding to the first and second groups associated with 
the second mode can be executed in parallel, respectively, by 
a third work processor and a fourth work processor selected 
from the several work processors. The third work processor 
may be the same as the first or second work processors, or 
may be a different work processor. Similarly, the fourth work 
processor can be the first or second work processor, or a 
different work processor. The first set of operations include 
the first-iteration operations corresponding to the first and 
second groups associated with the second mode. The first 
mapping corresponding to the second mode includes a 
designation of the first-iteration operations corresponding to 
the first group associated with the second mode to the third 
work processor, and the second mapping corresponding to 
the second mode includes a designation of the first-iteration 
operations corresponding to the second group associated 
with the second mode to the fourth work processor. 

In some embodiments, the subset of operations to be 
executed includes second-iteration operations correspond 
ing to the first group associated with the second mode, and 
second-iteration operations corresponding to the second 
group associated with the second mode. Designating by the 
scheduler the subset of operations to be executed to the work 
processors according to the mapping may include designat 
ing by the scheduler, using the first mapping corresponding 
to second mode, second-iteration operations corresponding 
to the first group associated with the second mode to the 
third work processor. The method may also include using the 
second mapping corresponding to the second mode, desig 
nating by the scheduler second-iteration operations corre 
sponding to the second group associated with the second 
mode to the fourth work processor. The method may include 
determining and storing the mapping by the scheduler. 

In some embodiments, an iterative program specifies the 
operations that include the first set of operations, which 
generally correspond to a first iteration of the overall com 
putation, and the second set of operations, which generally 
correspond to a second iteration of the overall computation. 
The first set of operations may include at least one operation 
that is executable only if a data-dependent condition is 
TRUE. That condition, however, may be determined to be 
FALSE at run time. The second set of operations may 
include at least one operation that is also executable only if 
the condition is TRUE. The method may include excluding 
from the subset of operations to be executed the one or more 
operation from the second set of operations, that are execut 
able only if the condition is TRUE. A subset need not be 
generated first so that the operation(s) based on the FALSE 
condition are excluded from the subset at a later time. The 
Subset can be constructed Such that the operation(s) that are 
not to be executed are not included in the subset. 
The mapping may include a first mapping associated with 

the program, and a second mapping also associated with the 
program. The operations may be partitioned, based on, at 
least in part, which operations are determined to be 
executed, into several groups that include a first group and 
a second group. The partitioning can group the operations 
into more than two groups. First-iteration operations of the 
first and second groups, respectively, are executable in 
parallel by a first work processor and a second work pro 
cessor selected from the several work processors. The first 
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set of operations includes the first-iteration operations of the 
first and second groups. The first mapping includes a des 
ignation of the first-iteration operations of the first group to 
the first work processor. Similarly, the second mapping 
includes a designation of the first-iteration operations of the 
second group to the second work processor. 

In some embodiments, the subset of operations to be 
executed includes second-iteration operations correspond 
ing to the first group, and second-iteration operations cor 
responding to the second group. Designating by the sched 
uler the subset of operations to be executed to the work 
processors according to the mapping may include designat 
ing by the scheduler, using the first mapping, second 
iteration operations corresponding to the first group to the 
first work processor and, using the second mapping, second 
iteration operations corresponding to the second group to the 
second work processor. 

In some embodiments, the operations are associated with 
a number of data elements. The various work processors are 
in electrical communication with a work memory, and the 
work memory includes several work memory modules, each 
Work memory module including (e.g., storing, accessing, 
etc.) a different section of the various data elements. Each 
work processor of the several work processors may be 
coupled to at least one different work memory module. 

In some embodiments, the method includes, prior to 
designating the Subset of operations to be executed to the 
work processors, modifying the mapping according to a 
workload of at least one work processor. To this end, the 
method may include monitoring for one or more of the work 
processors, a respective workload that includes a computa 
tion load corresponding to computation of operations des 
ignated to the respective work processor and a respective 
memory access load. The method may also include deter 
mining if the one or more work processors are underloaded 
based on, at least in part, the respective computation loads, 
the respective memory access loads, or combinations 
thereof. In these embodiments, the method also includes 
modifying the mapping being based on, at least in part, 
respective workloads of one or more work processor that are 
determined to be underloaded. 

In some embodiments, the first work processor is deter 
mined to be underloaded. Modifying the mapping may 
include identifying a first neighbor work processor that is 
closest to the first work processor among the several work 
processors, where first-iteration operations corresponding to 
a first neighbor group of data elements were designated to 
the first neighbor work processor. Modifying the mapping 
may also include migrating by the scheduler one or more 
second-iteration operations corresponding to the first neigh 
bor group, to the first mapping, for execution by the first 
work processor. Migration of operations from the closest 
neighbor to the first work processor may be performed 
before execution of the second-iteration operations, based 
on, at least in part, workload(s) observed during the first 
iteration. 

In some embodiments, the first work processor is deter 
mined to be underloaded. A work processor selected from 
the several work processors that is different from the first 
work processor is designated as a lender work processor, 
where first-iteration operations corresponding to a lender 
group of data elements were designated to the lender work 
processor. Modifying the mapping may include migrating by 
the scheduler one or more second-iteration operations cor 
responding to the lender group to the first mapping, for 
execution by the first work processor. The lender work 
processor may have been determined to be overloaded. 
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10 
In another aspect, a method of Scheduling operations on 

several work processors includes receiving in memory a set 
of operations, at least one of which is not to be executed. The 
method also includes orchestrating by a scheduler a parti 
tioning of a Subset operations, that excludes the one or more 
operations that are not to be executed, into a number of 
groups, for parallel execution on the several work proces 
sors. The partitioning is based on, at least in part, an 
irregularity of operations resulting from the one or more 
operation not to be executed. The partitioning is also based 
on, at least in part, locality of data elements associated with 
the Subset of operations, and/or loading of one or more of the 
several work processors. 

In some embodiments, an initial map, that corresponds to 
an initial partitioning of the Subset of operations into several 
groups, represents a mapping between the groups and the 
work processors. Orchestrating may include selecting by the 
scheduler a borrower work processor and a lender work 
processor. In addition, orchestrating may include modifying 
by the scheduler the initial map by migrating an operation 
from a group mapped to the lender work processor to a 
group mapped to the borrower work processor, for execution 
thereby. A data element associated with the operation may be 
local to the borrower work processor and may be remote to 
the lender work processor, such that locality of the data 
elements is increased. Locality may thus be improved with 
out explicitly accounting for loading of the work processors. 

In some embodiments, orchestrating includes balancing 
loading of the several work processors by the scheduler. The 
balancing may include selecting an underloaded work pro 
cessor and an overloaded work processor, and modifying the 
initial map by migrating an operation from a group mapped 
to the overloaded work processor to a group mapped to the 
underloaded work processor, for execution thereby. Loading 
may thus be balanced without explicitly accounting for 
locality. 

In some embodiments, selecting the overloaded work 
processor includes selecting a work processor that is closest 
in a memory hierarchy to the underloaded work processor 
and that has a work load at least equal to a specified 
threshold. Migrating the operation may include selecting an 
operation for which a data element associated with the 
operation is local to the overloaded work processor and 
remote to the underloaded work processor. As such, the 
migration may cause a simultaneous optimization of: (a) the 
locality of data elements associated with the subset of 
operations, and (b) loading of the plurality of work proces 
sors. Specifically, load of the work processors may become 
more balanced and any reduction in the locality is mini 
mized. 
The method may include generating by the scheduler the 

initial map using dynamic scheduling, that includes run-time 
identification of the one or more operations that are not to be 
executed. At least one operation that is not be executed may 
be associated with a data element that is Zero, and/or a 
data-dependent condition. 

In another aspect, a computer system includes a first 
processor and a first memory coupled to the first processor. 
The first memory includes instructions which, when 
executed by a processing unit that includes the first proces 
sor and/or a second processor, program the processing unit 
for scheduling operations on a number of work processors. 
To this end, the instructions program the processing unit to 
identify, using a mapping between a first set of operations 
and the work processors, from a second set of operations, a 
Subset of operations to be executed. The mapping represents 
one or more of: (i) parallelization of the first set of opera 
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tions, (ii) locality of data elements associated with the first 
set of operations, and (iii) workload of the work processors. 
The first set of operations generally correspond to a first 
iteration of a computation involving several iteration steps. 
The second set of operations generally correspond to a 
Subsequent or later iteration of the computation and include 
at least one operation that is not to be executed. The 
instructions also program the processing unit to designate 
the subset of operations to be executed to the work proces 
sors according to the mapping. 

In some embodiments, a second memory is coupled to the 
second processor, and can receive through a network the 
instruction stored in the first memory. In various embodi 
ments, the instructions can program the processing unit to 
perform one or more of the method steps described above. 

In another aspect, an article of manufacture that includes 
a non-transitory storage medium has stored therein instruc 
tions which, when executed by a processing unit program 
the processing unit to schedule operations on a number of 
work processors. To this end, the instructions program the 
processing unit to identify, using a mapping between a first 
set of operations and the work processors, from a second set 
of operations, a subset of operations to be executed. The 
mapping represents one or more of: (i) parallelization of the 
first set of operations, (ii) locality of data elements associ 
ated with the first set of operations, and (iii) workload of the 
work processors. The first set of operations generally cor 
respond to a first iteration of a computation involving 
several iteration steps. The second set of operations gener 
ally correspond to a Subsequent or later iteration of the 
computation and include at least one operation that is not to 
be executed. The instructions also program the processing 
unit to designate the Subset of operations to be executed to 
the work processors according to the mapping. In various 
embodiments, the instructions stored in the article of manu 
facture can program the processing unit to perform one or 
more of the method steps described above. 

BRIEF DESCRIPTION OF THE DRAWINGS 

Various embodiments of the present invention taught 
herein are illustrated by way of example, and not by way of 
limitation, in the figures of the accompanying drawings, in 
which: 

FIG. 1 shows one implementation of the CP-ALS algo 
rithm; 

FIG. 2 shows one implementation of the CP-APR algo 
rithm; 

FIGS. 3A and 3B depict exemplary computations of II 
and d in CP-APR, respectively: 

FIG. 4 depicts an exemplary computation of mttkrp in 
CP-ALS: 
FIGS.5A and 5B schematically illustrate “reduction par 

allel' and “sync free parallel' patterns, respectively, 
according to one embodiment; 

FIG. 6 depicts an implementation of the CP-ALS com 
putations that are modified according to one embodiment; 

FIG. 7 depicts an implementation of the CP-APR com 
putations that are modified according to one embodiment; 

FIG. 8 illustrates a process of scheduling operations on 
work processors, according to one embodiment; 

FIG. 9 Schematically depicts a mapping used in Schedul 
ing operations, according to one embodiment; 

FIG. 10 illustrates modification of a mapping for optimi 
Zation of processor workload and/or locality of data ele 
ments, according to one embodiment; 
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12 
FIG. 11 depicts a percentage of sparse computations in 

CP-ALS and CP-APR decomposition methods: 
FIG. 12 depicts static and dynamic load distribution: 
FIG. 13 depicts execution times achieved using different 

scheduling techniques, one of which is a hybrid dynamic 
plus-static technique, according to one embodiment; 

FIG. 14 shows a comparison of performances in terms of 
execution time of CP-APR on one data set achieved using 
different scheduling techniques, two of which are hybrid 
dynamic-plus-static techniques, according to different 
embodiments; 

FIG. 15 shows a comparison of performances in terms of 
parallelization efficiency of CP-APR on one data set 
achieved using different scheduling techniques, two of 
which are hybrid dynamic-plus-static techniques, according 
to different embodiments; 

FIG. 16 shows a comparison of performances in terms of 
execution time of CP-APR on another data set achieved 
using different scheduling techniques, two of which are 
hybrid dynamic-plus-static techniques, according to differ 
ent embodiments; 

FIG. 17 shows a comparison of performances in terms of 
execution time of CP-APR on yet other data set achieved 
using different scheduling techniques, two of which are 
hybrid dynamic-plus-static techniques, according to differ 
ent embodiments; and 

FIG. 18 shows a comparison of performances in terms of 
execution time of CP-ALS on three data sets achieved using 
different scheduling techniques, two of which are hybrid 
dynamic-plus-static techniques, according to different 
embodiments. 

DETAILED DESCRIPTION OF THE 
INVENTION 

The following techniques can address various challenges 
in optimizing sparse tensor computation. These techniques 
include one or more of: (i) identifying and extracting more 
concurrency; (ii) reducing barrier synchronizations or thread 
waits; (iii) improving data locality; (iv) improving load 
balance among processors; and (V) reducing parallelization 
overheads such as the task Scheduling overhead. 

Identifying and Extracting Parallelism: Tensor computa 
tions such as the tensor decomposition methods may involve 
complex data dependencies within the algorithm that make 
the task of exploiting concurrency a challenging one. 
Among the various possible concurrency or parallelism 
patterns, some of the most prevalent ones in sparse tensor 
computations include: 1) presence of parallelism to compute 
independent partial results from non-zeroes of input data and 
a reduction of the partial results after an all-to-all barrier 
synchronization among all processors, 2) presence of par 
allelism to compute independent partial results and using a 
critical section or lock mechanism to commit partial results 
to the final output data structure, and 3) presence of syn 
chronization-free parallelism with an overlapping or non 
overlapping partition of non-zeroes of input data. The first 
two patterns mentioned above are generally simpler than the 
third pattern, but may be less effective. The relative sim 
plicity in the first two cases can result from the fact there is 
no need for partitioning the input non-zeroes based on their 
indices; a straightforward load-balanced partition may be 
Sufficient, and each processor can independently process a 
partition and produce independent results on local variables, 
to be merged in the reduction phase, or produce independent 
results that are committed using a critical section or lock. In 
the third case, there is a need for partitioning the input data 
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that depends on the sparse data indices, which are known 
only at run time. Hence there is a need for a run-time 
partitioning to realize Such a parallelism pattern. This need 
arises, for example, in the sparse CP decomposition meth 
ods. 

In the discussion herein, the two relatively simpler par 
allelization patterns are called reduction parallel. FIGS. 5A 
and 5B illustrate these two parallelization patterns applied 
over the CP-APR decomposition method. The pattern with 
no barrier synchronization or thread wait is called sync 
free parallel. A technique that identifies good partitioning of 
the non-zeroes of input sparse data based on their indices 
and that enables more parallelism than conventional tech 
niques (e.g., reordering), and/or can reduce barrier synchro 
nizations or thread waits whenever possible, is described. 
One feature of the technique described herein is that the 
input tensor non-Zeroes are partitioned potentially differ 
ently for each mode-specific computation into groups based 
on the index of the mode along which computations are 
performed, i.e., candidate mode, Such that any two non 
Zeroes with the same index along a particular candidate 
mode fall within the same partition group. The number of 
partition groups generally depend on the number of proces 
sors. In some embodiments, each processor is assigned a 
different partition group. 

First, any possibility of synchronization-free parallelism 
in the code is identified. For example, the parallelism 
detection phase of the R-StreamTM compiler may be used. 
Then, for each mode, the computations are performed in a 
fine-grained parallel manner and are dynamically assigned 
to processors such that the non-zeroes are distributed to 
non-overlapping partitions. If synchronization-free parallel 
ism is not possible, reduction parallel patterns are employed 
and, using a similar approach, the non-zeroes are partitioned 
dynamically while performing a fine-grained parallel execu 
tion of the original computations. Such partitioning may be 
performed for each mode. A light-weight run-time layer is 
implemented to perform this function of dynamically sched 
uling blocks of computations to processors and partitioning 
the workload. Non-Uniform Memory Access (NUMA) 
locality-aware factors may be considered while partitioning 
the workload, to improve data locality, as discussed below. 

Relative to using the reduction parallel patterns, it is 
more complex to achieve balanced load across the proces 
sors while exploiting sync free parallel patterns, and the 
load imbalance can lead to performance degradation. Load 
imbalance can arise while trying to exploit synchronization 
free parallelism if the work load is divided based on the 
number of output elements rather than on the non-zeroes 
corresponding to each output element. The number of output 
elements may be statically known but the number of non 
Zeroes corresponding to each output element is dependent on 
the pattern of the non-zeroes of the input data and, hence, 
can be known only at run time. Therefore, one of the main 
challenges in this approach is to make all the partition 
groups equally balanced as much as possible as it may 
directly translate into processor load. Performing the parti 
tioning along with the fine-grained parallel execution of the 
original computations can help in achieving a good balanced 
load distribution as described below. 

Improving Load Balancing with Reduced Overhead: 
While proper scheduling is needed to schedule the compu 
tations across the processors in a balanced manner, it is often 
also equally important to have a low overhead scheduling so 
that the benefits of load balancing are not offset by the 
scheduling overhead. A parallelizing scheduler with a static 
task Scheduling scheme generally has less Scheduling over 
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14 
head, but may not balance the load properly if the load 
balancing depends on dynamic run-time information, Such 
as sparse input data (and their indices) that are known only 
at run time, in the case of sparse computations. On the other 
hand, a parallelizing scheduler with a dynamic task sched 
uling scheme generally has more scheduling overhead than 
the static scheme but can achieve relatively improved load 
balancing based on run-time information. 

In various embodiments, when there are multiple itera 
tions of a computation block, if the computation block is to 
be distributed across processors, and if the non-zero struc 
ture or access pattern does not significantly change within 
the block, the first iteration of the block is executed with a 
dynamic task Scheduling scheme. The 'state' information 
about the processor workload (such as which portions of the 
computation block (or equivalently tasks) get executed on 
which processor), is logged or stored. In the Subsequent 
iterations, the logged/stored information about the processor 
workload is used to schedule statically various tasks across 
processors, thereby achieving the benefit of load balanced 
execution without incurring significant scheduling over 
head. This static-plus-dynamic (or hybrid) task scheduling 
approach can greatly reduce the task Scheduling overhead 
and also facilitate an improved load balance across proces 
sors. As described below, the load balance can be improved 
further via task?operation migration prior to the Subsequent 
iterations. 

In the case of sparse tensor computations, as mentioned 
earlier, there is usually a repetition of mode-specific opera 
tions and the iteration with dynamic scheduling is carefully 
chosen before the start of a computation block where the 
logged information obtained during the dynamic scheduling 
can be reused. The logged information may be stored for one 
or more modes, and sometimes for all modes, if the storage 
requirement does not exceed memory capacity, depending 
on the number of taskS/operations and the number of modes 
in the tensor. 

Improving Performance through Better Data Locality: In 
Some embodiments, data locality at each processor can be 
improved so as to facilitate scalable parallel performance 
using a large number of processors, e.g., 500 or even more 
cores/processors. Some of the advantages of these and 
previously described embodiments include: (i) improved 
load balance among processors with a reduced load balanc 
ing overhead at least compared to dynamically scheduling 
each and every operation; (ii) avoidance of unnecessary 
barrier synchronizations or waits; and (iii) avoidance of 
unnecessary “reduction of partial results—thereby reduc 
ing synchronization and reducing memory storage for local 
variables. The following data locality optimizations may be 
achieved directly by exploiting the synchronization-free 
parallelization pattern. First, the production and consump 
tion of data values can be brought closer and/or local to a 
processor, e.g., within the computation region that lies in 
between processor Synchronizations. Second, data values 
can be stored locally to a processor. 

In addition to the above-described optimizations that may 
be obtained via low-overhead parallelization, in some 
embodiments data locality in modern multi-core systems 
with NUMA behavior can be improved. To this end, locality 
aware decisions are made while scheduling tasks to proces 
sors. Whether or not synchronization-free parallelism is 
employed, priority is given to schedule tasks that share data 
to processors that are closer in the NUMA topology. The 
information of what data is shared is also mostly known, 
however, only at run time. In particular, the shareability 
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typically depends on the pattern of the non-zeroes of the 
input data that can also generally be determined only at run 
time. 

In various embodiments, processors dynamically acquire 
workload through the light-weight run-time layer, while 
doing the actual computations simultaneously. Depending 
on the location of the data needed for the computations, each 
processor may spend different duration of time in waiting to 
load/store data (e.g., due to cache misses and/or other 
NUMA effects). This may lead to an imbalance in the 
workload acquired by each processor. The run-time layer 
can migrate workload (or equivalently tasks) from one 
processor to another so as to balance the load. The migration 
may be governed by the NUMA topology. In some embodi 
ments, the processors are arranged in a binary tree-like 
NUMA topology. Therefore a processor is close to one 
processor at the innermost level of the tree, to three proces 
sors at the next level of the tree, and so on. From the binary 
representation of a processor identifier (ID) (e.g., an integer 
between 0 and p-1, where p is the number of processors), 
the NUMA neighbors of a particular processor can be 
identified at each level. Task migration using the neighbor 
hood information may then be performed. 

Specifically, in some embodiments, each work processor 
has a local work queue and the work processor may dynami 
cally acquire the workload thereof, through the run-time 
layer and from a work pool of tasks. Using the acquired 
workload, the work processor can fill a local work queue 
thereof. The light-weight run-time layer may then access 
each processor's workload and may characterize each pro 
cessor as “overloaded' or “underloaded with respect to one 
or more specified thresholds such as the average workload. 
The average workload can be the total amount of compu 
tations needed by the problem divided by the number of 
available processors. 

In some embodiments, for each underloaded processor, 
the run-time layer exclusively selects a topologically closer 
overloaded processor to borrow workload from. The migra 
tion may be done such that neither the “borrower processor 
becomes overloaded nor the “lender processor becomes 
underloaded as a result of migration. If load imbalance still 
exists, the runtime layer may select the next topologically 
closer overloaded processor for the underloaded processor, 
and may repeat the migration attempt going along the 
topology till specified balance criteria are met. Because the 
workload or tasks are migrated between processors based on 
their NUMA topology, data sharing is facilitated between 
NUMA neighbors. This optimization is useful in both per 
formance improvement and performance Scaling. 

In a hybrid static-plus-dynamic task Scheduling process 
described above, the NUMA-aware task migration is typi 
cally performed during the dynamic phase of task Schedul 
ing. A load balanced schedule, resulting after task migration, 
may be logged and used for statically scheduling the Sub 
sequent iterations. After applying all of the aforementioned 
scheduling techniques, the altered structure of CP-ALS and 
CP-APR algorithms obtained using one embodiment are 
presented in Algorithm 3 depicted in FIG. 6 and in Algo 
rithm4, depicted in FIG. 7, respectively. It should be under 
stood, that the CP-ALS and CP-APR algorithms are used for 
demonstration only and that various embodiments described 
herein can parallelize with low overhead and optionally 
optimize load balance and/or locality of various other itera 
tive algorithms, some of which may involve sparse tensor 
computations while Some may not. 

With reference to FIG. 8, in a process 800 a scheduler 
determines if more than one iterations are associated with a 
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block of computations/operations, such as computations 
associated with a tensor (step 802). If several iterations are 
required, the scheduler dynamically schedules the opera 
tions that correspond to the first iteration (step 804). 

Dynamic scheduling typically includes identifying, at run 
time, patterns of non-zero data elements, and forming 
groups of data elements that are non-zero (852). These 
groups are then designated to a number of cores/work 
processors (854). Designating a group of non-Zero data 
elements to a work processor generally means that a number 
of operations associated with all of the non-zero data ele 
ments in the group are scheduled to be executed by that work 
processor. One or more of the groups may be designated to 
any particular work processor. Typically, each work proces 
Sor/core is designated at least one group for execution of the 
operations corresponding to the data elements in that group. 
The different work processors may execute the respective 
designated operations in parallel. 

In some embodiments, e.g., if the computations are asso 
ciated with a tensor, the patterns of the non-Zero data 
elements can change from one mode to another. The indi 
vidual data elements themselves may not change; the group 
ing thereof can change, however, from one mode of the 
tensor to another. As such, the grouping step 852 and the 
designation step 854 can be mode specific, and may be 
repeated for each one of the selected modes. Consequently, 
the work processors would execute the operations in a 
mode-specific manner for each one of the selected modes. 

In some embodiments, the iterative computations/opera 
tions are specified in a program, and the program structure 
requires one or more of the operations of a particular 
iteration to be executed only if a specified condition is 
TRUE. If the condition is data dependent, the scheduler can 
determine only at run time whether the condition is TRUE 
or FALSE. If the condition is determined to be FALSE, one 
or more operations of the first iteration are not to be executed 
and, hence, the scheduler need not designate those opera 
tions to any work processor. This generally introduces an 
irregularity in the set of operations to be executed. 

In order to schedule the operations that are to be executed 
when irregularities exist, dynamic scheduling may include, 
in addition to the grouping of data elements in the step 852 
or in the alternative, identifying a subset of operations of the 
first iteration that are to be executed (step 862). Such a 
subset can be computed by excluding from all of the 
operations of the first iterations the operations that require a 
condition to be TRUE but is determined to be FALSE at run 
time. The Subset of operations is then partitioned into groups 
(step 864). The groups of the first-iteration operations that 
are to be executed are designated to the several work 
processors for parallel execution of those processors (step 
866). 

After dynamically scheduling the operations of the first 
iteration, the scheduler stores a mapping of different groups 
of data elements and/or operations to the different work 
processors (step 806). The mapping may include several 
mode-specific mappings, where each mode-specific map 
ping includes a mapping of different groups of data elements 
corresponding to a particular mode to the different work 
processors. As such, the step 806 may be repeated for each 
one or the selected modes. 

While the operations in different iterations of the overall 
computation are generally different, if the irregularities in 
the computations are introduced because Some data elements 
are Zero, the irregularities in the operations often do not 
change significantly from one iteration to the next. Similarly, 
if the irregularities are introduced because some operations 
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are to be executed only if a particular condition is TRUE and 
the condition was determined to be FALSE during the first 
iteration, the irregularities in Such operations also may not 
change significantly from one iteration to the next. 

Therefore, to distribute the second-iteration operations to 
the different work processor, the scheduler does not invoke 
dynamic scheduling again. Instead, the scheduler uses the 
map generated and stored in the step 806. For each group of 
data elements and/or operations of the first iteration, the 
scheduler identifies both the corresponding operations of a 
second iteration, and the work processor on which the 
first-iteration operations in the group were scheduled. (Step 
808). The scheduler then schedules the identified second 
iteration operations to the identified work processor (step 
810). During the second iteration, the steps 808, 810 may be 
repeated for each one of the selected modes, e.g., if the 
operations are associated with a tensor, using the respective 
mode-specific mappings. The steps 808, 810 may then be 
repeated for each iteration of the overall computations. 
By avoiding dynamic scheduling in one or more Subse 

quent iterations, the scheduling overhead, i.e., the compu 
tations to be performed by the scheduler to determine a 
schedule, can be minimized. By using a previously gener 
ated mapping and by taking advantage of the fact that the 
patterns of irregularities often do not change from one 
iteration to the next, parallelization of the operations can 
nevertheless be achieved while minimizing the scheduler 
overload. 

In some embodiments, the mapping (or several mode 
specific mappings) stored in the step 806 are modified prior 
to use thereof in the steps 808, 810, to balance the loading 
of the work processors, to improve locality of the data 
elements associated with the operations, and/or to minimize 
any adverse impact on the locality that may be caused by 
load balancing. For example, the load of one or more of the 
several work processors may be monitored (step 822). 
Monitoring the load of a work processor may include 
monitoring a load related to the processing performed by the 
work processor/core and/or monitoring data access by the 
work processor/core from a memory module, and/or a load 
related to the memory access. If the load of a work processor 
is less than a certain specified threshold, the work processor 
may be designated as underloaded. If the load of a work 
processor meets or exceeds a specified threshold, the pro 
cessor may be designated as overloaded. 
The scheduler may select a pair of work processors, such 

that one work processor is underloaded and the other one is 
overloaded (step 824). From the mapping, one or more 
first-iteration operations that were scheduled on the over 
loaded work processor and/or data elements corresponding 
to such operations are selected (step 826). The scheduler 
then modifies the mapping (or various mode-specific map 
pings) by changing the association between the selected 
first-iteration operations and/or data elements and the over 
loaded work processor to indicate a new designation of those 
operations and/or data elements to the underloaded work 
processor (step 828). 
As such, in the subsequent steps 808, 810, the correspond 

ing later-iteration operations are migrated from the over 
loaded work processor to the underloaded work processor. 
The corresponding later-iteration operations may be later 
iteration operations that are associated with one or more data 
elements associated with the selected first-iteration opera 
tions and/or later-iteration operations associated with a 
condition associated with the selected first-iteration opera 
tions. By decreasing the loading of the overloaded work 
processor and by increasing utilization of the underloaded 
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work processor, the overall load of all of the work processors 
can be balanced. The steps 824-828 can be repeated for 
various pairs of identified underloaded and overloaded pro 
cessors and/or for different modes. 

In some embodiments, the work processors are configured 
according to a NUMA hierarchy, as described above. 
Memory access patterns of one or more work processors are 
monitored in the step 822, and a work processor that 
accesses at least as many remote memory locations as a 
specified threshold is identified (step 830). That work pro 
cessor may be called a “remote' work processor. One or 
more first-iteration operations designated to the identified 
remote work processor are selected Such that one or more 
data elements associated with the selected operations are 
local to another processor, called a local processor (step 
832). The scheduler then modifies the mapping (or various 
mode-specific mappings) by changing the association 
between the selected first-iteration operations and/or data 
elements and the remote work processor to indicate a new 
designation of those operations and/or data elements to the 
local work processor (step 834). 
As such, in the subsequent steps 808, 810, the correspond 

ing later-iteration operations are migrated from the remote 
work processor to the local work processor. The correspond 
ing later-iteration operations are generally later-iteration 
operations that are associated with one or more data ele 
ments associated with the selected first-iteration operations. 
As these data elements are local to the local work processor, 
the migration can increase the overall locality of operations 
during the lateriterations. The steps 830-834 can be repeated 
for various pairs of identified remote and local processors. 

In some embodiments, both load balancing and locality 
improvement can be achieved, for example, by selecting a 
remote work processor that is also overloaded and a local 
processor that is underloaded. Often, a work processor can 
become overloaded at least in part because that processor is 
scheduled to execute operations that require remote access. 
By migrating operations from an overloaded, remote work 
processor to an underloaded, local work processor load 
balancing and locality improvement can be achieve simul 
taneously. 

In other embodiments, work load and locality are simul 
taneously optimized such that one of the two parameters is 
improved while a degradation of the other is minimized. For 
example, the scheduler may select a borrower work proces 
sor that is determined to be underloaded (step 836). The 
mapping is to be modified to migrate operations from one or 
more lender work processors to the borrower work proces 
Sor, so as to improve utilization thereof. In this, one or more 
data elements associated with one or more migrated opera 
tions are not local to the borrower work processor and, 
hence, the migration can cause a degradation of the locality. 
Therefore, scheduler selects the lender work processors such 
that the selected lender work processors are closest to the 
borrower work processor according to a NUMA topology 
(step 838). Thereafter, the mapping is modified to designate 
during the later iterations one or more operations that were 
designated to the selected lender work processor(s) during 
the first iteration (step 840). The migration of one or more 
operations according to the modified mapping can balance 
the load among several work processors while minimizing 
any reduction in memory locality. 

In Some embodiments, the monitoring step and/or the 
steps of modifying the mapping and related steps, i.e., one 
or more, or even all of the steps 822-840 are optional. For 
example, in some embodiments, after storing the mapping in 
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the step 806, that mapping is used without modification in 
the step 808, followed by the step 810. 

With reference to FIG. 9, while scheduling the operations 
associated with a tensor T (e.g., according to the process 800 
described above), the data elements of the tensor T are 
partitioned into three groups for mode 1, namely, G', Ga". 
and G'. It should be understood that three groups are 
illustrative only and that in general there can be only a single 
group and more than three, e.g., 5, 10, 30, 100, groups. The 
data elements are also partitioned for mode 2 of the tensor 
Tinto two groups, namely, G, and G. Although the tensor 
T has three dimensions/modes, partitioning is performed 
along two modes only. It should be understood, however, 
that in general partitioning may be performed for one or 
more modes of a tensor, and may be performed for all tensor 
modes. It should also be understood that a three-mode tensor 
is illustrative only that that the number of modes can be 
greater than three, such as 5, 9, 12, 20, etc. 

During iteration 1, for mode 1, the first-iteration opera 
tions corresponding to the data elements of group G,', 
designated as O, (G), are scheduled to be executed by a 
work processor P1, and the first-iteration operations corre 
sponding to the data elements of group G', designated as 
O, (G), are scheduled to be executed by a work processor 
P2. For mode 2, the first-iteration operations corresponding 
to the data elements of group G, designated as O, (G), 
are scheduled to be executed by the work processor P1. In 
Some embodiments, these operations may be scheduled to be 
executed by a different work processor, e.g., work processor 
P2 or work processor P3. The first-iteration operations 
corresponding to the data elements of group q, designated as 
O, (G), are scheduled to be executed by a work processor 
P4. In some embodiments, these operations may be sched 
uled on any of the work processors P1, P2, and P3. 
A mapping M represents the designation of data ele 

ments in different groups and the corresponding operations 
to different work processors. In particular, the mapping 
M includes a mapping M corresponding to mode 1 and 
a mapping M corresponding to mode 2. The mapping M 
represents that for mode 1, the first iteration operations 
O, (G) and O, (G) are designated to work processors P1 
and P2, respectively. The mapping M represents that for 
mode 2, the first iteration operations O, (G) and O, (G) 
are designated to work processors P1 and P4, respectively. 
The mapping M can be used by a scheduler S. (e.g., 
according to the process 800 described above), to designate 
later-iteration operations to different work processors. For 
example, using the mapping M for mode 1, the second 
iteration operations O(G') and O. (G.") can be designated 
to work processors P1 and P2, respectively. Using the 
mapping M for mode 2, the seconditeration operations O, 
(G') and O(G) may be designated to work processors P1 
and P4, respectively. In some embodiments, prior to use in 
later iterations, the scheduler S may modify the mapping 
JM (e.g., according to the process 800 described above), to 
balance work load of the work processors and/or to improve 
and/or optimize locality of the data elements associated with 
the operations. 

With reference to FIG. 10, from a set of operations, the 
first-iteration operations that are to be executed are parti 
tioned into seven groups, namely G1-G7. The set of opera 
tions includes several operations that are not to be executed, 
e.g., because they are associated with a condition that must 
be TRUE, but that is determined to be FALSE at run time 
and/or with data elements that are zero. The operations that 
are not to be executed are not included in the groups G1-G7. 
It should be understood that the number of groups is 
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illustrative only and that fewer or more groups are within the 
Scope of various embodiments. 
The first-iteration operations in the groups G1-G7 are to 

be executed by work processors (or cores) P1-P4 configured 
as a NUMA system. Specifically, work memory modules 
M1-M4 are local to work processors P1-P4, respectively, 
and any work memory module can be accessed by any work 
processor. The data elements corresponding to the opera 
tions of group G1 are stored in the work memory module 
M1. Some of the data elements corresponding to the opera 
tions of group G2 are stored in the work memory module M1 
and the other data elements corresponding to the operations 
of group G2 and the data elements corresponding to the 
operations of group G3 are stored in the work memory 
module M2. The data elements corresponding to the opera 
tions of groups G4-G6 are stored in the work memory 
module M3, and the data elements corresponding to the 
operations of group G7 are stored in the work memory 
module M4. The number of work processors and work 
memory modules is illustrative only and, in general, there 
can be fewer (e.g., two) and more (e.g., 5, 10, 32, 50, 128, 
etc.) work processors. Similarly, there can be a single shared 
work memory module or more (e.g., 6, 8, 64, 100, 256, etc.) 
work memory modules. The number of work processors and 
work memory modules can be the same or can be different. 
In general, various NUMA architectures including a tree 
architecture are within the scope of various embodiments. 
A mapping generated during the first iteration indicates 

that the first-iteration operations of group G1 are scheduled 
on the work processor P1, the first-iteration operations of 
groups G2 and G3 are scheduled on the work processor P2, 
the first-iteration operations of groups G4 and G5 are 
scheduled on the work processor P3, and the first-iteration 
operations of groups G6 and G7 are scheduled on the work 
processor P4. The scheduler S may monitor the work loads 
and/or memory access patterns of one or more of the work 
processors P1-P4, and may modify the mapping to balance 
the overall workload, to improve the locality of data ele 
ments, and/or to optimize simultaneously the overall work 
load and locality of data elements. For example, if the work 
processor P3 is underloaded and the work processor P4 is 
overloaded, migrating at least one operation from group G6 
from the work processor P4 to the work processor P3 can 
improve both load balance and locality of data elements. 

In another embodiment, if the work processors P1 and P2 
are underloaded and the work processors P3 and P4 are 
overloaded, migrating one or more of the operations from 
one or more of groups G4-G6 from the work processor P3 
to the work processor P2 can balance the overall workload. 
Additionally or in the alternative, migrating one or more of 
these operations from the work processor P3 to the work 
processor P1 may also balance the overall workload. Due to 
any of these migrations, however, the locality can decrease. 
According to the NUMA topology of the work processors 
P1-P4, the work processor P2 is closer than the work 
processor P1 to the work processor P3. Therefore, if the 
scheduler S selects the work processor P2 for migration and 
not the work processor P1, the reduction in the locality may 
be minimized and, thus, workload and locality can be 
optimized simultaneously. 
The above-described techniques, implemented in various 

embodiments, are integrated in a commercial high-level 
optimizing source-to-source compiler RStreamTM. The 
RStreamTM compiler provides an automatic source-to 
Source mapping from a high-level code expressed, e.g., in 
ANSI C to a target-specific source, for instance “OpenMP 
code for a multi-core target system. RStreamTM supports 
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mapping for a wide range of targets that include SMP, Tilera, 
and GPUs. The strength of RStreamTM is that it can take into 
account the hierarchical nature of processors and memories 
in modern High Performance Computing (HPC) systems 
along with their characteristics (such as size, optimal utili 
Zation pattern, etc.), and can perform a mapping that dis 
tributes the computation across the processors in a load 
balanced manner and utilizes the various memories 
efficiently. The mapping process in RStreamTM can perform 
the following tasks: dependence analysis, parallelism extrac 
tion, task-formation, locality improvement, processor 
assignment, data layout management, memory consumption 
management, explicit data movements generation (as well as 
their reuse optimization and pipelining with computations), 
and explicit synchronization generation. The compiler algo 
rithms in RStreamTM are well established for optimizing 
dense array codes and for optimizing sparse array codes, to 
an extent. RStreamTM, without any modification thereto, 
however, is not well Suited for optimizing sparse tensor 
computations. Therefore, the techniques described herein 
and implemented in various embodiments can extend the 
support of RStreamTM to sparse tensor codes. 

Experimental Results: The effect of the various schedul 
ing techniques described above and implemented in various 
embodiments on improving the parallel performance and 
Scalability of sparse tensor computations on multi-core 
systems was evaluated. Real world sparse tensor data sets 
were used to evaluate the various embodiments. The real 
data sets used include: 1) the Facebook social network 
analysis data, 2) the Enron email dataset, and 3) an internal 
network traffic data logged continuously by a network traffic 
sensor and used during cybersecurity analysis. 

Data Sets: The Facebook dataset contains information 
about various Social networking activities (such as number 
of wall posts, messages, etc.) between 63891 Facebook 
users over 1591 days. Data collected for each of the 1591 
days is a large sparse 63891 x63891 array. The Enron email 
dataset contains information about emails exchanged 
between 105 users over a period of 27 months. The cyber 
security data used for our experiments is a very large 
five-dimensional sparse tensor with the modes being time 
stamp, senderIP receiverIP protocol, and responseBytes. 
The data is gathered from the network traffic sensor during 
a particular interval of time on one day. These data and their 
respective sizes are depicted in Table 1. 

TABLE 1. 

Parameters 

Dataset Size Non-zeros 

Facebook 63891 x 63891 x 1591 737934 
Enron 105 x 105 x 27 S418 
Cyber 14811811 x 1899 x 1899 x 3 x 6067 2O85108 

Measurements: The baseline sequential versions that were 
evaluated include the sequential implementation of CP-ALS 
and CP-APR algorithms, i.e., Algorithms 1 and 2 depicted in 
FIGS. 1 and 2, respectively. The respective times taken to 
execute the CP-ALS and CP-APR algorithms on the above 
mentioned data sets were measured. Since various embodi 
ments described herein focus on sparse tensor computations, 
only the timing of relevant portions of the algorithms 
involving computations related to the sparse input tensor are 
reported, to clearly demonstrate the effectiveness of the 
described techniques. However, to elucidate the importance 
of optimizing the sparse tensor computations, the percentage 
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of times taken by sparse computations in the total execution 
time of the baseline sequential version of CP-ALS and 
CP-APR decomposition methods for the Facebook, Enron, 
and cyber data sets are shown in FIG. 11. As seen in FIG. 11, 
the sparse tensor computations generally account for a 
significant portion of the total execution time of these 
methods. Scalability is also measured in terms of parallel 
efficiency (E) given by: 

E. = 
p - pT, 

where T is the time taken for the baseline sequential version 
and T is the time taken for a parallel version and p is the 
number of work processors/cores. 

Experimental System: Two modern multi-core systems 
were used to evaluate various embodiments. The first system 
was a dual socket 6-core system with Intel Xeon X5650 2.67 
GHZ processors (Intel Nehalem microarchitecture chips) 
that Supports 12 concurrent threads. Each of the six cores in 
a socket has a 32 KB private L1 instruction cache, a 32 KB 
private L1 data cache, and a 256 KB private L2 cache. Each 
core also shares a 12 MB L3 cache. The system has 24 GB 
of DRAM. The second system was is a quad socket 8-core 
system with Intel Xeon E5-4620 2.2 GHZ processors (Intel 
Sandy Bridge microarchitecture chips). This system Sup 
ports 32 concurrent threads (64 threads if the Hyper-thread 
ing feature is used). Each of the 8 cores in a socket has a 32 
KB private L1 instruction cache, a 32 KB private L1 data 
cache, and a 256 KB private L2 cache. Each core also shares 
a 16 MB L3 cache. The system has 128 GB of DRAM. Intel 
icc compiler, version 13.1.1 was used during the evaluations, 
and a parameter KMP AFFINITY was set to the value 
“compact.” The OpenMP library was used to parallelize the 
computations. 

Parallel Versions for Evaluation: The following parallel 
versions of the CP-APR and CP-ALS algorithm were used 
for performance evaluation of various embodiments: 

Par with sync: This is the parallel version in which the 
non-Zeroes are partitioned statically and independent 
partial results are calculated by each processor in local 
variables and then the partial results are reduced after 
a barrier synchronization. 

Par with no sync: This is the parallel version in which the 
non-Zeroes are partitioned based on a static partition of 
the output elements. It needs no synchronization; it has 
significant load balancing concerns, however. 

Par with no sync--dynamic: This is the parallel version in 
which the non-Zeroes are partitioned dynamically 
based on the sparse pattern of the input data. This 
version needs no synchronization and also has good 
load balance. However it suffers from significant 
dynamic scheduling overhead. 

Par with no sync-hybrid+no memopt: This is the parallel 
version according to various embodiments described 
above, in which the non-zeroes are partitioned dynami 
cally based on the sparse pattern of the input data in one 
iteration of a computation block and then the workload 
distribution information is stored to guide the work 
distribution for the rest of the iterations in the compu 
tation block. This version needs no synchronization, 
has good load balance, and also has relatively less 
dynamic scheduling overhead than Par with no sync-- 
dynamic. 



US 9,471,377 B2 
23 

Par with no sync-hybrid+mem opt: This is similar to Par 
with no sync-hybrid+no mem opt version, but addi 
tionally having the data locality optimization described 
above. This version is the representative version that 
includes all optimizations implemented in various 
embodiments. 

Load Balancing: The benefits of proper load balanced 
distribution of work in sparse tensor computations is illus 
trated using the S63891 x63891x1591 Facebook tensor with 
737934 non-zeroes. The load on each processor in the 
parallelization of CP-APR method depends on the number 
of non-zeroes that each processor needs for its computation. 
So the number of non-zeroes processed by each processor 
can be a good measure of load on each processor. A low 
overhead static scheduling that distributes work load based 
on the statically known “number of output elements' gen 
erally leads to poor load balance, as observed for the 
Facebook tensor. This is evident from FIG. 12, which shows 
the number of non-zeroes distributed in each of the 12 cores 
in the dual Socket 6-core system. Dynamic scheduling based 
on the pattern of the sparse data performs well in terms of 
load balance, as seen in FIG. 12. 
The balanced workload, however, comes with a schedul 

ing overhead. FIG. 13 presents the execution time taken by 
different parallel versions of the CP-APR code with the 
Facebook tensor on 12 cores of the dual socket 6-core 
system. The parallelization with hybrid static and dynamic 
scheduling, according to an embodiment described above, 
pays the dynamic scheduling overhead only once and can 
result in a balanced load across processor cores that is 
similar to the balanced load obtained with dynamic-only 
scheduling (depicted in FIG. 12), with substantially less 
overhead. FIG. 13 shows that both aspects—a good load 
balance and a low scheduling overhead—are important to 
increasing parallel performance. 

Parallel Performance and Scalability: The experimental 
results described below show improvements in the perfor 
mance of the CP-APR algorithm using various embodiments 
described above. FIG. 14 shows the improvement in execu 
tion time due to various static-plus-dynamic scheduling 
techniques as applied to the CP-APR method operating on 
the Facebook tensor data on the two multi-core systems. The 
performance obtained using hybrid static and dynamic task 
scheduling that used the sparse input data pattern is Sub 
stantially better than the performance obtained using other 
parallelization and Scheduling techniques, e.g., static-only or 
dynamic-only task Scheduling. Also, it is evident that the 
parallel versions (even the ones with reduced synchroniza 
tions) generally perform poorly when there is more memory 
traffic across Sockets (i.e. when processor cores in different 
Sockets are concurrently executing and generating memory 
traffic and polluting different levels of cache). 

FIG. 15 shows the improved parallel efficiency and scal 
ability achieved using various embodiments for up to 12 
cores and up to 32 cores in the 12-core system and 32-core 
system, respectively. FIGS. 14 and 15 demonstrate that data 
locality optimizations can play a vital role in performance 
improvement as the number of work processors/cores 
increases. Therefore, even when all the cores are fully 
occupied and when there is a greater possibility of shared 
cache pollution, significant performance improvement can 
be obtained mainly due to the data locality optimizations 
respecting the NUMA model, that are implemented in some 
embodiments. 

Similar measurements were obtained for the execution 
time of sparse computations in the CP-APR method oper 
ating on the relatively smaller Enron data set on the 32-core 
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system. As shown in FIG. 17, the hybrid dynamic and static 
scheduling techniques show improved performance com 
pared to other versions. Also, it can be seen that the 
performance degrades as the number of work processors/ 
cores increases without data locality optimizations. The 
performance does not degrade, however, using the hybrid 
dynamic and static scheduling techniques implemented in 
various embodiments. 

FIG. 17 shows the execution time of sparse tensor com 
putations in the CP-APR method on the cyber data set on the 
32-core system. As observed earlier, when more than one 
Socket is in use, the memory traffic by processor cores across 
Sockets tends to slow down the performance affecting the 
scalability. Without locality-aware load balanced schedul 
ing, the performance generally drops with increasing num 
ber of work processors/processor cores, even though, as 
mentioned earlier, parallelism is exploited in sparse tensor 
computations with no synchronizations. 
The improvements from the hybrid dynamic and static 

techniques, with and without locality-aware load balancing, 
are also evident from the experiments on CP-ALS algorithm 
using Facebook, Enron, and cyber data sets as shown in 
FIGS. 18(a)-(c). For CP-ALS on Facebook data, the perfor 
mance of all other versions except for the hybrid dynamic 
and static scheduling with improved data locality, as imple 
mented in some embodiments, deteriorates at core counts 
greater than 16. For CP-ALS on cyber data, the performance 
of all versions except for the hybrid dynamic and static 
scheduling techniques, as implemented in various embodi 
ments, does not improve or even deteriorates as number of 
work processors/processor cores increases. For CP-ALS on 
Enron, the hybrid dynamic and static scheduling techniques, 
as implemented in various embodiments, show higher per 
formance compared to other versions on the same number of 
COCS. 

Various embodiments described herein feature techniques 
to efficiently map large irregular computations with sparse 
multi-dimensional arrays (tensors) onto modern multi-core/ 
multi-processor systems that may have non-uniform 
memory access (NUMA) architecture. A hybrid static-plus 
dynamic task scheduling scheme with low overhead can 
effectively achieve parallelization of sparse computations. 
Locality-aware optimizations, that are based on, at least in 
part, the sparse input data pattern, can be applied to the 
hybrid static-plus-dynamic task scheduling mechanism. 
Various embodiments can achieve about four to five times 
improvement on the computation of two widely sparse 
tensor decomposition algorithms and some of these embodi 
ments demonstrate Scalable parallel performance on modern 
multi-core systems with up to 32 processor cores. In one 
embodiment, these techniques are integrated with a com 
mercial high-level optimizing source-to-source compiler 
RStreamTM. 

It is clear that there are many ways to configure the device 
and/or system components, interfaces, communication links, 
and methods described herein. The disclosed methods, 
devices, and systems can be deployed on convenient pro 
cessor platforms, including network servers, personal and 
portable computers, and/or other processing platforms. 
Other platforms can be contemplated as processing capa 
bilities improve, including personal digital assistants, com 
puterized watches, cellular phones and/or other portable 
devices. The disclosed methods and systems can be inte 
grated with known network management systems and meth 
ods. The disclosed methods and systems can operate as an 
SNMP agent, and can be configured with the IP address of 
a remote machine running a conformant management plat 
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form. Therefore, the scope of the disclosed methods and 
systems are not limited by the examples given herein, but 
can include the full scope of the claims and their legal 
equivalents. 
The methods, devices, and systems described herein are 

not limited to a particular hardware or software configura 
tion, and may find applicability in many computing or 
processing environments. The methods, devices, and sys 
tems can be implemented in hardware or Software, or a 
combination of hardware and software. The methods, 
devices, and systems can be implemented in one or more 
computer programs, where a computer program can be 
understood to include one or more processor executable 
instructions. The computer program(s) can execute on one or 
more programmable processing elements or machines, and 
can be stored on one or more storage medium readable by 
the processor (including Volatile and non-volatile memory 
and/or storage elements), one or more input devices, and/or 
one or more output devices. The processing elements/ma 
chines thus can access one or more input devices to obtain 
input data, and can access one or more output devices to 
communicate output data. The input and/or output devices 
can include one or more of the following: Random Access 
Memory (RAM), Redundant Array of Independent Disks 
(RAID), floppy drive, CD, DVD, magnetic disk, internal 
hard drive, external hard drive, memory stick, or other 
storage device capable of being accessed by a processing 
element as provided herein, where such aforementioned 
examples are not exhaustive, and are for illustration and not 
limitation. 
The computer program(s) can be implemented using one 

or more high level procedural or object-oriented program 
ming languages to communicate with a computer system; 
however, the program(s) can be implemented in assembly or 
machine language, if desired. The language can be compiled 
or interpreted. 
As provided herein, the processor(s) and/or processing 

elements can thus be embedded in one or more devices that 
can be operated independently or together in a networked 
environment, where the network can include, for example, a 
Local Area Network (LAN), wide area network (WAN). 
and/or can include an intranet and/or the Internet and/or 
another network. The network(s) can be wired or wireless or 
a combination thereof and can use one or more communi 
cations protocols to facilitate communications between the 
different processors/processing elements. The processors 
can be configured for distributed processing and can utilize, 
in Some embodiments, a client-server model as needed. 
Accordingly, the methods, devices, and systems can utilize 
multiple processors and/or processor devices, and the pro 
cessor/processing element instructions can be divided 
amongst Such single or multiple processor/devices/process 
ing elements. 
The device(s) or computer systems that integrate with the 

processor(s)/processing element(s) can include, for 
example, a personal computer(s), workstation (e.g., Dell, 
HP), personal digital assistant (PDA), handheld device such 
as cellular telephone, laptop, handheld, or another device 
capable of being integrated with a processor(s) that can 
operate as provided herein. Accordingly, the devices pro 
vided herein are not exhaustive and are provided for illus 
tration and not limitation. 

References to “a processor, or “a processing element,” 
“the processor, and “the processing element can be under 
stood to include one or more microprocessors that can 
communicate in a stand-alone and/or a distributed environ 
ment(s), and can thus can be configured to communicate via 
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wired or wireless communications with other processors, 
where Such one or more processor can be configured to 
operate on one or more processor/processing elements 
controlled devices that can be similar or different devices. 
Use of such “microprocessor,” “processor,” or “processing 
element terminology can thus also be understood to include 
a central processing unit, an arithmetic logic unit, an appli 
cation-specific integrated circuit (IC), and/or a task engine, 
with such examples provided for illustration and not limi 
tation. 

Furthermore, references to memory, unless otherwise 
specified, can include one or more processor-readable and 
accessible memory elements and/or components that can be 
internal to the processor-controlled device, external to the 
processor-controlled device, and/or can be accessed via a 
wired or wireless network using a variety of communica 
tions protocols, and unless otherwise specified, can be 
arranged to include a combination of external and internal 
memory devices, where such memory can be contiguous 
and/or partitioned based on the application. For example, the 
memory can be a flash drive, a computer disc, CD/DVD, 
distributed memory, etc. References to structures include 
links, queues, graphs, trees, and Such structures are provided 
for illustration and not limitation. References herein to 
instructions or executable instructions, in accordance with 
the above, can be understood to include programmable 
hardware. 

Although the methods and systems have been described 
relative to specific embodiments thereof, they are not so 
limited. As such, many modifications and variations may 
become apparent in light of the above teachings. Many 
additional changes in the details, materials, and arrangement 
of parts, herein described and illustrated, can be made by 
those skilled in the art. Accordingly, it will be understood 
that the methods, devices, and systems provided herein are 
not to be limited to the embodiments disclosed herein, can 
include practices otherwise than specifically described, and 
are to be interpreted as broadly as allowed under the law. 

Accordingly, we claim: 
1. A method of scheduling operations on a plurality of 

work processors, the method comprising: 
based on a grouping of a first Subset of operations that are 

to be executed and that are selected from a first set of 
operations comprising at least one operation that is not 
to be executed, identifying by a scheduler, from a 
second set of operations comprising at least one opera 
tion that is not to be executed, a second subset of 
operations to be executed; and 

using a mapping between the first Subset of operations and 
the work processors, the mapping representing at least 
one of: (i) parallelization of the first subset of opera 
tions, (ii) locality of data elements associated with the 
first subset of operations, and (iii) workload of the work 
processors, 

designating by the scheduler the second Subset of opera 
tions to be executed to the work processors according 
to the mapping. 

2. The method of claim 1, wherein: 
the mapping comprises a first mode-specific mapping 

associated with a data structure comprising a plurality 
of data elements, at least one of which is zero, the first 
mode-specific mapping comprising: a first Sub-map 
ping and a second Sub-mapping: 

the data elements are partitioned, based on, at least in part, 
which data elements of the data structure are non-zero, 
into a plurality of groups comprising a first group 
associated with the first mode and a second group also 
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associated with the first mode, so that first-iteration 
operations corresponding to the first and second groups 
associated with the first mode are executable in paral 
lel, respectively, by a first work processor and a second 
work processor from the plurality of work processors, 
the first set of operations comprising the first-iteration 
operations corresponding to the first and second groups 
associated with the first mode; 

the first Sub-mapping corresponding to the first mode 
represents a designation of the first-iteration operations 
corresponding to the first group associated with the first 
mode to the first work processor; and 

the second Sub-mapping corresponding to the first mode 
represents a designation of the first-iteration operations 
corresponding to the second group associated with the 
first mode to the second work processor. 

3. The method of claim 2, wherein: 
the second Subset of operations to be executed comprises: 

(i) second-iteration operations corresponding to the 
first group associated with the first mode, and (ii) 
second-iteration operations corresponding to the sec 
ond group associated with the first mode; and 

designating by the scheduler the second Subset of opera 
tions to be executed to the work processors according 
to the mapping comprises designating by the scheduler: 
(i) using the first Sub-mapping corresponding to the first 
mode, second-iteration operations corresponding to the 
first group associated with the first mode to the first 
work processor, and (ii) using the second Sub-mapping 
corresponding to the first mode, second-iteration opera 
tions corresponding to the second group associated 
with the first mode to the second work processor. 

4. The method of claim 2, wherein the data structure 
comprises a tensor having at least three dimensions. 

5. The method of claim 2, wherein a number of the 
first-iteration operations corresponding to the first group 
associated with the first mode is Substantially equal to a 
number of the first-iteration operations corresponding to the 
second group associated with the first mode. 

6. The method of claim 2, wherein: 
the plurality of work processors is in electrical commu 

nication with a work memory, the work memory com 
prising a plurality of work memory modules, each work 
memory module comprising a different section of the 
data elements of the data structure; and 

each work processor in the plurality of work processors is 
coupled to at least one different work memory module. 

7. The method of claim 6, further comprising, prior to 
designating the second Subset of operations to be executed 
to the work processors, modifying the mapping according to 
a workload of at least one work processor. 

8. The method of claim 7, further comprising: 
monitoring for at least one of the work processors, a 

workload comprising a computation load correspond 
ing to computation of operations designated to the at 
least one work processor, and a memory access load; 

determining if the at least one work processor is under 
loaded based on, at least in part, at least one of the 
computation load and the memory access load; and 

modifying the mapping being based on, at least in part, a 
workload of at least one work processor determined to 
be underloaded. 

9. The method of claim 7, wherein: 
the first work processor is determined to be underloaded; 

and 
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modifying the mapping comprises: 

identifying a first neighbor work processor that is 
closest to the first work processor among the plural 
ity of work processors, and wherein first-iteration 
operations corresponding to a first neighbor group of 
data elements associated with the first mode were 
designated to the first neighbor work processor; and 

migrating by the scheduler at least one second-iteration 
operation corresponding to the first neighbor group 
associated with the first mode, to the first mapping 
corresponding to a first mode, for execution by the 
first work processor. 

10. The method of claim 9, wherein a data element 
associated with the at least one second-iteration operation is 
local to the first neighbor work processor, the migration 
simultaneously optimizing loading of the first and first 
neighbor work processors and locality of the data elements. 

11. The method of claim 9, wherein identifying the first 
neighbor work processor comprises selecting a work pro 
cessor that would have a workload at least up to a specified 
threshold after migrating one or more operations previously 
designated thereto to the first mapping corresponding to a 
first mode, for execution by the first work processor. 

12. The method of claim 9, wherein identifying the first 
neighbor work processor comprises selecting a work pro 
cessor determined to be overloaded. 

13. The method of claim 9, further comprising: 
identifying a second neighbor work processor that is 

closest to the first work processor among the plurality 
of work processors except for the first neighbor work 
processor, and wherein second-iteration operations cor 
responding to a second neighbor group of data elements 
associated with the first mode were designated to the 
second neighbor work processor, and 

migrating by the scheduler at least one second-iteration 
operation corresponding to the second neighbor group 
associated with the first mode, to the first mapping 
corresponding to a first mode, for execution by the first 
work processor. 

14. The method of claim 7, wherein: 
the first work processor is determined to be underloaded; 
a work processor from the plurality of work processors 

that is different from the first work processor is desig 
nated as a lender work processor, wherein first-iteration 
operations corresponding to a lender group of data 
elements associated with the first mode were desig 
nated to the lender work processor; and 

modifying the mapping comprises migrating by the 
Scheduler at least one second-iteration operation cor 
responding to the lendergroup associated with the first 
mode, to the first mapping corresponding to a first 
mode, for execution by the first work processor. 

15. The method of claim 13, wherein the lender work 
processor is determined to be overloaded. 

16. The method of claim 6, further comprising, prior to 
designating the second Subset of operations to be executed 
to the work processors, modifying the mapping according to 
locality of data elements, modifying the mapping compris 
ing: 

identifying a lender work processor, wherein a first 
iteration operation corresponding to a lender data ele 
ment was designated to the lender work processor, the 
lender data element being local to the first work pro 
cessor, and 

migrating by the scheduler a second-iteration operation 
corresponding to the lender data element to the first 
mapping corresponding to a first mode, for execution 
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by the first work processor, the migration causing an 
increase in the locality of data elements. 

17. The method of claim 16, wherein at least one of: (i) 
the first work processor is underloaded, and (ii) the lender 
work processor is overloaded. 

18. The method of claim 2, wherein: 
the mapping comprises a second mode-specific mapping 

comprising: (i) a first Sub-mapping corresponding to a 
second mode associated with the data structure, and (ii) 
a second Sub-mapping corresponding to the second 
mode; 

the data elements are partitioned, based on, at least in part, 
which data elements of the data structure are non-zero, 
into a plurality of groups comprising a first group 
associated with the second mode and a second group 
associated with the second mode, so that first-iteration 
operations corresponding to the first and second groups 
associated with the second mode can be executed in 
parallel, respectively, by a third work processor and a 
fourth work processor from the plurality of work pro 
cessors, the first set of operations comprising the first 
iteration operations corresponding to the first and sec 
ond groups associated with the second mode; 

the first Sub-mapping corresponding to the second mode 
comprising a designation of the first-iteration opera 
tions corresponding to the first group associated with 
the second mode to the third work processor; and 

the second Sub-mapping corresponding to the second 
mode comprising a designation of the first-iteration 
operations corresponding to the second group associ 
ated with the second mode to the fourth work processor. 

19. The method of claim 18, wherein: 
the second Subset of operations to be executed comprises: 

(i) second-iteration operations corresponding to the 
first group associated with the second mode, and (ii) 
second-iteration operations corresponding to the sec 
ond group associated with the second mode; and 

designating by the scheduler the second Subset of opera 
tions to be executed to the work processors according 
to the mapping comprises designating by the scheduler: 
(i) using the first Sub-mapping corresponding to second 
mode, second-iteration operations corresponding to the 
first group associated with the second mode to the third 
work processor, and (ii) using the second Sub-mapping 
corresponding to the second mode, second-iteration 
operations corresponding to the second group associ 
ated with the second mode to the fourth work processor. 

20. The method of claim 1, further comprising determin 
ing and storing the mapping by the scheduler. 

21. The method of claim 1, wherein: 
an iterative program specifies the operations comprising 

the first set of operations and the second set of opera 
tions; 

the first set of operations comprises at least one operation 
that is executable only if a data-dependent condition is 
TRUE, the condition being determined to be FALSE: 
and 

the second set of operations comprises at least one opera 
tion that is also executable only if the condition is 
TRUE, 

the method further comprising excluding from the second 
subset of operations to be executed the at least one 
operation from the second set of operations that is 
executable only if the condition is TRUE. 
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22. The method of claim 21, wherein: 
the mapping comprises: (i) a first Sub-mapping associated 

with the program, and (ii) a second Sub-mapping also 
associated with the program; 

the operations are partitioned, based on, at least in part, 
which operations are determined to be executed, into a 
plurality of groups comprising a first group and a 
second group, so that first-iteration operations of the 
first and second groups, respectively, are executable in 
parallel by a first work processor and a second work 
processor from the plurality of work processors, the 
first set of operations comprising the first-iteration 
operations of the first and second groups; 

the first Sub-mapping comprising a designation of the 
first-iteration operations of the first group to the first 
work processor, and 

the second Sub-mapping comprising a designation of the 
first-iteration operations of the second group to the 
second work processor. 

23. The method of claim 22, wherein: 
the second Subset of operations to be executed comprises: 

(i) second-iteration operations corresponding to the 
first group, and (ii) second-iteration operations corre 
sponding to the second group; and 

designating by the scheduler the second Subset of opera 
tions to be executed to the work processors according 
to the mapping comprises designating by the scheduler: 
(i) using the first Sub-mapping, second-iteration opera 
tions corresponding to the first group to the first work 
processor, and (ii) using the second Sub-mapping, sec 
ond-iteration operations corresponding to the second 
group to the second work processor. 

24. The method of claim 22, wherein: 
the operations are associated with a plurality of data 

elements; 
the plurality of work processors is in electrical commu 

nication with a work memory, the work memory com 
prising a plurality of work memory modules, each work 
memory module comprising a different section of the 
plurality of data elements; and 

each work processor in the plurality of work processors is 
coupled to at least one different work memory module. 

25. The method of claim 24, further comprising, prior to 
designating the second Subset of operations to be executed 
to the work processors, modifying the mapping according to 
a workload of at least one work processor. 

26. The method of claim 25, further comprising: 
monitoring for at least one of the work processors, a 

workload comprising a computation load correspond 
ing to computation of operations designated to the at 
least one work processor, and a memory access load; 

determining if the at least one work processor is under 
loaded based on, at least in part, at least one of the 
computation load and the memory access load; and 

modifying the mapping being based on, at least in part, a 
workload of at least one work processor determined to 
be underloaded. 

27. The method of claim 25, wherein: 
the first work processor is determined to be underloaded; 

and 
modifying the mapping comprises: 

identifying a first neighbor work processor that is 
closest to the first work processor among the plural 
ity of work processors, and wherein first-iteration 
operations corresponding to a first neighbor group of 
data elements were designated to the first neighbor 
work processor, and 
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migrating by the scheduler at least one second-iteration 
operation corresponding to the first neighbor group, 
to the first mapping, for execution by the first work 
processor. 

28. The method of claim 25, wherein: 
the first work processor is determined to be underloaded; 
a work processor from the plurality of work processors 

that is different from the first work processor is desig 
nated as a lender work processor, wherein first-iteration 
operations corresponding to a lender group of data 
elements were designated to the lender work processor, 
and 

modifying the mapping comprises migrating by the 
Scheduler at least one second-iteration operation cor 
responding to the lendergroup to the first mapping, for 
execution by the first work processor. 

29. The method of claim 28, wherein the lender work 
processor is determined to be overloaded. 

30. A system comprising: 
a first processor, and 
a first memory coupled to the first processor, the first 
memory comprising instructions which, when executed 
by a processing unit comprising at least one of the first 
processor and a second processor, program the process 
ing unit, for scheduling operations on a plurality of 
work processors, to: 

identify, based on a grouping of a first Subset of operations 
that are to be executed and that are selected from a first 
set of operations comprising at least one operation that 
is not to be executed, from a second set of operations 
comprising at least one operation that is not to be 
executed, a second subset of operations to be executed; 
and 

designate, using a mapping between the first Subset of 
operations and the work processors, the mapping rep 
resenting at least one of: (i) parallelization of the first 
Subset of operations, (ii) locality of data elements 
associated with the first subset of operations, and (iii) 
workload of the work processors, 

the second subset of operations to be executed to the work 
processors according to the mapping. 

31. The system of claim 30, wherein: 
the mapping comprises a first mode-specific mapping 

associated with a data structure comprising a plurality 
of data elements, at least one of which is zero, the first 
mode-specific mapping comprising a first Sub mapping 
and a second Sub mapping; 

the data elements are partitioned, based on, at least in part, 
which data elements of the data structure are non-zero, 
into a plurality of groups comprising a first group 
associated with the first mode and a second group also 
associated with the first mode, so that first-iteration 
operations corresponding to the first and second groups 
associated with the first mode are executable in paral 
lel, respectively, by a first work processor and a second 
work processor from the plurality of work processors, 
the first set of operations comprising the first-iteration 
operations corresponding to the first and second groups 
associated with the first mode; 

the first Sub-mapping corresponding to the first mode 
represents a designation of the first-iteration operations 
corresponding to the first group associated with the first 
mode to the first work processor; and 

the second Sub-mapping corresponding to the first mode 
represents a designation of the first-iteration operations 
corresponding to the second group associated with the 
first mode to the second work processor. 

10 

15 

25 

30 

35 

40 

45 

50 

55 

60 

65 

32 
32. The system of claim 31, wherein: 
the second Subset of operations to be executed comprises: 

(i) second-iteration operations corresponding to the 
first group associated with the first mode, and (ii) 
second-iteration operations corresponding to the sec 
ond group associated with the first mode; and 

to designate the second Subset of operations to be 
executed to the work processors according to the map 
ping, the instructions program the processing unit to 
designate: (i) using the first Sub-mapping correspond 
ing to the first mode, second-iteration operations cor 
responding to the first group associated with the first 
mode to the first work processor, and (ii) using the 
second Sub-mapping corresponding to the first mode, 
second-iteration operations corresponding to the sec 
ond group associated with the first mode to the second 
work processor. 

33. The system of claim 31, wherein the data structure 
comprises a tensor having at least three dimensions. 

34. The system of claim 31, wherein a number of the 
first-iteration operations corresponding to the first group 
associated with the first mode is Substantially equal to a 
number of the first-iteration operations corresponding to the 
second group associated with the first mode. 

35. The system of claim 31, wherein: 
the plurality of work processors is in electrical commu 

nication with a work memory, the work memory com 
prising a plurality of work memory modules, each work 
memory module comprising a different section of the 
data elements of the data structure; and 

each work processor in the plurality of work processors is 
coupled to at least one different work memory module. 

36. The system of claim 35, wherein the instruction 
further program the processing unit to modify the mapping 
according to a workload of at least one work processor, prior 
to designating the second Subset of operations to be executed 
to the work processors. 

37. The system of claim 36, wherein the instruction 
further program the processing unit to: 

monitor for at least one of the work processors, a work 
load comprising a computation load corresponding to 
computation of operations designated to the at least one 
work processor, and a memory access load; 

determine if the at least one work processor is under 
loaded based on, at least in part, at least one of the 
computation load and the memory access load; and 

modify the mapping being based on, at least in part, a 
workload of at least one work processor determined to 
be underloaded. 

38. The system of claim 36, wherein: 
the first work processor is determined to be underloaded; 

and 
to modify the mapping, the instructions program the 

processing unit to: 
identify a first neighbor work processor that is closest 

to the first work processor among the plurality of 
work processors, and wherein first-iteration opera 
tions corresponding to a first neighbor group of data 
elements associated with the first mode were desig 
nated to the first neighbor work processor, and 

migrate at least one second-iteration operation corre 
sponding to the first neighbor group associated with 
the first mode, to the first mapping corresponding to 
a first mode, for execution by the first work proces 
SO. 

39. The system of claim 38, wherein a data element 
associated with the at least one second-iteration operation is 
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local to the first neighbor work processor, the migration 
simultaneously optimizing loading of the first and first 
neighbor work processors and locality of the data elements. 

40. The system of claim 38, wherein to identify the first 
neighbor work processor the instructions program the pro 
cessing unit to select a work processor that would have a 
workload at least up to a specified threshold after migrating 
one or more operations previously designated thereto to the 
first mapping corresponding to a first mode, for execution by 
the first work processor. 

41. The system of claim 38, wherein to identify the first 
neighbor work processor the instructions program the pro 
cessing unit to select a work processor determined to be 
overloaded. 

42. The system of claim 38, wherein the instructions 
further program the processing unit to: 

identify a second neighbor work processor that is closest 
to the first work processor among the plurality of work 
processors except for the first neighbor work processor, 
and wherein second-iteration operations corresponding 
to a second neighbor group of data elements associated 
with the first mode were designated to the second 
neighbor work processor, and 

migrate at least one second-iteration operation corre 
sponding to the second neighbor group associated with 
the first mode, to the first mapping corresponding to a 
first mode, for execution by the first work processor. 

43. The system of claim 36, wherein: 
the first work processor is determined to be underloaded; 

and 
the instructions further program the processing unit to 

designate a work processor from the plurality of work 
processors that is different from the first work processor 
as a lender work processor, wherein first-iteration 
operations corresponding to a lender group of data 
elements associated with the first mode were desig 
nated to the lender work processor; and 

to modify the mapping, the instructions program the 
processing unit to migrate at least one second-iteration 
operation corresponding to the lendergroup associated 
with the first mode, to the first mapping corresponding 
to a first mode, for execution by the first work proces 
SO. 

44. The system of claim 42, wherein the lender work 
processor is determined to be overloaded. 

45. The system of claim 35, wherein the instructions 
further program the processing unit to modify the mapping 
according to locality of data elements, prior to designating 
the second subset of operations to be executed to the work 
processors, and to modify the mapping, the instructions 
program the processing unit to: 

identify a lender work processor, wherein a first-iteration 
operation corresponding to a lender data element was 
designated to the lender work processor, the lender data 
element being local to the first work processor, and 

migrate a second-iteration operation corresponding to the 
lender data element to the first mapping corresponding 
to a first mode, for execution by the first work proces 
Sor, the migration causing an increase in the locality of 
data elements. 

46. The system of claim 45, wherein at least one of: (i) the 
first work processor is underloaded, and (ii) the lender work 
processor is overloaded. 

47. The system of claim 31, wherein: 
the mapping comprises a second mode-specific mapping 

comprising: (i) a first Sub-mapping corresponding to a 
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second mode associated with the data structure, and (ii) 
a second sub-mapping corresponding to the second 
mode; 

the data elements are partitioned, based on, at least in part, 
which data elements of the data structure are non-zero, 
into a plurality of groups comprising a first group 
associated with the second mode and a second group 
associated with the second mode, so that first-iteration 
operations corresponding to the first and second groups 
associated with the second mode can be executed in 
parallel, respectively, by a third work processor and a 
fourth work processor from the plurality of work pro 
cessors, the first set of operations comprising the first 
iteration operations corresponding to the first and sec 
ond groups associated with the second mode; 

the first Sub-mapping corresponding to the second mode 
comprising a designation of the first-iteration opera 
tions corresponding to the first group associated with 
the second mode to the third work processor; and 

the second Sub-mapping corresponding to the second 
mode comprising a designation of the first-iteration 
operations corresponding to the second group associ 
ated with the second mode to the fourth work processor. 

48. The system of claim 47, wherein: 
the second Subset of operations to be executed comprises: 

(i) second-iteration operations corresponding to the 
first group associated with the second mode, and (ii) 
second-iteration operations corresponding to the sec 
ond group associated with the second mode; and 

to designate the second Subset of operations to be 
executed to the work processors according to the map 
ping, the instructions program the processing unit to 
designate: (i) using the first Sub-mapping correspond 
ing to second mode, second-iteration operations corre 
sponding to the first group associated with the second 
mode to the third work processor, and (ii) using the 
second Sub-mapping corresponding to the second 
mode, second-iteration operations corresponding to the 
second group associated with the second mode to the 
fourth work processor. 

49. The system of claim 30, wherein the instructions 
further program the processing unit to determine and store 
the mapping by the scheduler. 

50. The system of claim 30, wherein: 
an iterative program specifies the operations comprising 

the first set of operations and the second set of opera 
tions; 

the first set of operations comprises at least one operation 
that is executable only if a data-dependent condition is 
TRUE, the condition being determined to be FALSE at 
run time; 

the second set of operations comprises at least one opera 
tion that is also executable only if the condition is 
TRUE; and 

the instructions further program the processing unit to 
exclude from the second subset of operations to be 
executed the at least one operation from the second set 
of operations that is executable only if the condition is 
TRUE. 

51. The system of claim 50, wherein: 
the mapping comprises: (i) a first Sub-mapping associated 

with the program, and (ii) a second Sub-mapping also 
associated with the program; 

the operations are partitioned, based on, at least in part, 
which operations are determined to be executed, into a 
plurality of groups comprising a first group and a 
second group, so that first-iteration operations of the 
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first and second groups, respectively, are executable in 
parallel by a first work processor and a second work 
processor from the plurality of work processors, the 
first set of operations comprising the first-iteration 
operations of the first and second groups; 

the first sub-mapping comprising a designation of the 
first-iteration operations of the first group to the first 
work processor; and 

the second sub-mapping comprising a designation of the 
first-iteration operations of the second group to the 
second work processor. 

52. The system of claim 51, wherein: 
the second subset of operations to be executed comprises: 

(i) second-iteration operations corresponding to the 
first group, and (ii) second-iteration operations corre 
sponding to the second group; and 

to designate the second subset of operations to be 
executed to the work processors according to the map 
ping, the instructions program the processing unit to 
designate: (i) using the first sub-mapping, second 
iteration operations corresponding to the first group to 
the first work processor, and (ii) using the second 
Sub-mapping, second-iteration operations correspond 
ing to the second group to the second work processor. 

53. The system of claim 51, wherein: 
the operations are associated with a plurality of data 

elements; 
the plurality of work processors is in electrical commu 

nication with a work memory, the work memory com 
prising a plurality of work memory modules, each work 
memory module comprising a different section of the 
plurality of data elements; and 

each work processor in the plurality of work processors is 
coupled to at least one different work memory module. 

54. The system of claim 53, wherein the instruction 
further program the processing unit to modify the mapping 
according to a workload of at least one work processor, prior 
to designating the second subset of operations to be executed 
to the work processors. 

55. The system of claim 54, wherein the instruction 
further program the processing unit to: 

monitor for at least one of the work processors, a work 
load comprising a computation load corresponding to 
computation of operations designated to the at least one 
work processor, and a memory access load; 

determine if the at least one work processor is under 
loaded based on, at least in part, at least one of the 
computation load and the memory access load; 

modify the mapping being based on, at least in part, a 
workload of at least one work processor determined to 
be underloaded. 

10 

15 

25 

30 

35 

40 

45 

36 
56. The system of claim 54, wherein: 
the first work processor is determined to be underloaded; 

and 
to modify the mapping, the instructions program the 

processing unit to: 
identify a first neighbor work processor that is closest 

to the first work processor among the plurality of 
work processors, and wherein first-iteration opera 
tions corresponding to a first neighbor group of data 
elements were designated to the first neighbor work 
processor; and 

migrate at least one second-iteration operation corre 
sponding to the first neighbor group, to the first 
mapping, for execution by the first work processor. 

57. The system of claim 54, wherein: 
the first work processor is determined to be underloaded; 
the instructions further program the processing unit to 

designate a work processor from the plurality of work 
processors that is different from the first work processor 
as a lender work processor, wherein first-iteration 
operations corresponding to a lender group of data 
elements were designated to the lender work processor; 
and 

to modify the mapping, the instructions program the 
processing unit to migrate at least one second-iteration 
operation corresponding to the lendergroup to the first 
mapping, for execution by the first work processor. 

58. The system of claim 57, wherein the lender work 
processor is determined to be overloaded. 

59. An article of manufacture comprising a non-transitory 
storage medium having stored therein instructions which, 
when executed by a processing unit, program the processing 
unit, for scheduling operations on a plurality of work pro 
CeSSOrS, to: 

identify, based on a grouping of a first subset of operations 
that are to be executed and that are selected from a first 
set of operations comprising at least one operation that 
is not to be executed, from a second set of operations 
comprising at least one operation that is not to be 
executed, a second subset of operations to be executed; 
and 

designate, using a mapping between the first subset of 
operations and the work processors, the mapping rep 
resenting at least one of: (i) parallelization of the first 
Subset of operations, (ii) locality of data elements 
associated with the first subset of operations, and (iii) 
workload of the work processors 

the second subset of operations to be executed to the work 
processors according to the mapping. 

ck ck ck ck ck 


