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SYSTEM, METHODS AND APPARATUS FOR 
PROGRAM OPTIMIZATION FOR 
MULT-THREADED PROCESSOR 

ARCHITECTURES 

CROSS REFERENCE TO RELATED 
APPLICATIONS 

This application is a continuation-in-part of U.S. applica 
tion Ser. No. 12/365,780 entitled “METHODS AND APPA 
RATUS FOR LOCAL MEMORY COMPACTION', filed 
Feb. 4, 2009, which claims priority to U.S. Provisional Appli 
cation Ser. No. 61/065,294 filed, Feb. 8, 2008. Additionally, 
this application is a Continuation-in-part of U.S. application 
Ser. No. 12/561,152 entitled “METHODS AND APPARA 
TUS FOR JOINT PARALLELISMAND LOCALITY OPTI 
MIZATION IN SOURCE CODE COMPILATION filed, 
Sep. 16, 2009, which claims priority to U.S. Provisional 
Application Ser. No. 61/097,799 filed, Sep. 17, 2008. Further, 
this application is related to and claims the benefit of priority 
to U.S. Provisional Application Ser. No. 61/170,261 entitled 
AUTOMATIC CUDA MAPPING IN THE R-STREAM 
COMPILER'', filed Apr. 17, 2009. Priority is claimed to each 
of the above applications which are incorporated by reference 
herein in their entirety. 

GOVERNMENT INTEREST 

This invention was made with Government support under 
contract no. DE-FG02-08ER85149 awarded by the Depart 
ment of Energy, contract no. F30602-03-C-0033 and 
W31P4Q-07-C-0147 awarded by the Defense Advanced 
Research Projects Agency, contract no. W9113M-07-C-0072 
and W9113M-08-C-0146 awarded by the Missile Defense 
Agency, and contract no. FA8650-07-M-8129 awarded by the 
Office of the Secretary of Defense. The Government has 
certain rights in the invention. 

FIELD OF THE INVENTION 

The present invention generally concerns computer pro 
gramming. More particularly, the invention concerns a sys 
tem, methods, and apparatus for Source code compilation. 

BACKGROUND OF THE INVENTION 

The progression of the computer industry in recent years 
has illustrated the need for more complex processor architec 
tures capable of processing large Volumes of data and execut 
ing increasingly complex Software. A number of systems 
resort to multiple processing cores on a single processor. 
Other systems include multiple processors in a single com 
puting device. Additionally, many of these systems utilize 
multiple threads of execution per processing core. One limi 
tation that these architectures experience is that the current 
commercially available compilers cannot efficiently take 
advantage of the increase of computational resources. 

In the Software design and implementation process, com 
pilers are responsible for translating the abstract operational 
semantics of the Source program into a form that makes 
efficient use of a highly complex heterogeneous machine. 
Multiple architectural phenomena occur and interact simul 
taneously; this requires the optimizer to combine multiple 
program transformations. For instance, there is often a 
tradeoff between exploiting parallelism and exploiting local 
ity to reduce the ever widening disparity between memory 
bandwidth and the frequency of processors: the memory wall. 
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2 
Indeed, the speed and bandwidth of the memory subsystems 
have always been a bottleneck, which worsens when going to 
multi-core. This memory wall is further exacerbated by non 
contiguous memory accesses. 
On many architectures, the order in which memory loca 

tions are read and written has a profound effect on how they 
are issued in hardware. Bad memory access patterns may 
result in multiple factors of loss of memory bandwidth. Since 
optimization problems are associated with huge and unstruc 
tured search spaces, the combinational task of optimizing a 
program balancing these hardware requirements is poorly 
achieved by current compilers, resulting in weak scalability 
and disappointing Sustained performance. 

Even when programming models are explicitly parallel 
(threads, data parallelism, vectors), they usually rely on 
advanced compiler technology to relieve the programmer 
from scheduling and mapping the application to computa 
tional cores, understanding the memory model and commu 
nication details. Even provided with enough static informa 
tion or annotations (OpenMP directives, pointer aliasing, 
separate compilation assumptions), compilers have a hard 
time exploring the huge and unstructured search space asso 
ciated with these mapping and optimization challenges. 
Indeed, the task of the compiler can hardly been called opti 
mization anymore, in the traditional meaning of reducing the 
performance penalty entailed by the level of abstraction of a 
higher-level language. Together with the run-time system 
(whether implemented in software or hardware), the compiler 
is responsible for most of the combinatorial code generation 
decisions to map the simplified and ideal operational Seman 
tics of the source program to the highly complex and hetero 
geneous machine. 

Current trends in computer architecture amplify the utili 
Zation of multiple processor cores on a chip. Modern mul 
tiple-core computer architectures that include general pur 
pose multi-core architectures and specialized parallel 
architectures such as the Cell Broadband Engine and Graph 
ics Processing Units (GPUs) have very high computation 
power per chip. Current and future architectures are increas 
ingly evolving towards heterogeneous mixes of general pur 
pose and specialized parallel architectures. One architectural 
concept of particular interest is the massively multi-threaded 
execution model. In this model, a large number of virtual 
threads of execution are mapped to a multiplicity of physical 
execution units. These virtual threads can be quickly 
switched in and out of the execution unit by the hardware 
runtime. In particular, when a long latency memory access is 
requested, another thread is scheduled to hide the latency of 
the memory access. Such an execution model comes with the 
need for the application to exhibit enough parallelism. 
Increased parallelism may be obtained by explicitly writing 
programs with more parallelism or by using auto-paralleliz 
ing compilers. 

While programming Such systems by hand has been dem 
onstrated for a range of applications, this is a difficult and 
costly endeavor; likely one to be revisited to allow the appli 
cation to port to rapidly arriving new generations and con 
figurations of heterogeneous architectures and programming 
abstractions that change the optimization tradeoffs. Recent 
programming models and abstractions include but are not 
limited to Partitioned Global Address Space (PGAS), Com 
pute Unified Device Architecture (CUDA) and Open Com 
puting Language (OpenCL). The application developer is 
also confronted to a programmability wall in addition to the 
memory wall and is responsible for writing a correct parallel 
application using one of these recent programming abstrac 
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tions. Obtaining reasonable performance is an additional dif 
ficult task best left to a compiler. 
The polyhedral model is a powerful framework to unify 

coarse grained and fine-grained parallelism extraction with 
locality and communication contiguity optimizations. To 
date, this promise has not yet been completely fulfilled as no 
existing affine scheduling, fusion and communication conti 
guity technique can perform all these optimizations in a uni 
fied (i.e., non-phase ordered) and unbiased manner. Typically, 
parallelism optimization algorithms optimize for degrees of 
parallelism, but cannot be used to optimize both locality and 
contiguity of communications. In like manner, algorithms 
used for locality optimization cannot be used both for extract 
ing parallelism and optimizing the contiguity of communica 
tions. Additional difficulties arise when optimizing Source 
code for the particular architecture of a target computing 
apparatus. 

Therefore there exists a need for improved source code 
optimization methods and apparatus that can optimize paral 
lelism, locality and contiguity of memory accesses at multiple 
level of the heterogeneous hardware hierarchy. 

SUMMARY OF THE INVENTION 

The present invention provides a system, apparatus and 
methods for overcoming some of the difficulties presented 
above. Various embodiments of the present invention provide 
a method, apparatus, and computer Software product for opti 
mization of a computer program on a first computing appa 
ratus for execution on a second computing apparatus. 

In an exemplary provided method computer program 
source code is received into a memory on a first computing 
apparatus. In this embodiment, the first computing apparatus 
processor contains at least one multi-stage execution unit. 
The Source code contains at least one arbitrary loop nest. The 
provided method produces program code that is optimized for 
execution on a second computing apparatus. In this method 
the second computing apparatus contains at least two multi 
stage execution units. With these units there is an opportunity 
for parallel operations. In its optimization of the code, the first 
computing apparatus takes into account the opportunity for 
parallel operations and locality and analyses the tradeoff of 
execution costs between parallel execution and serial execu 
tion on the second computing apparatus. In this embodiment, 
the first computing apparatus minimizes the total costs and 
produces code that is optimized for execution on the second 
computing apparatus. 

In another embodiment, a custom computing apparatus is 
provided. In this embodiment, the custom computing appa 
ratus contains a storage medium, Such as a hard disk or Solid 
state drive, a memory, such as a Random Access Memory 
(RAM), and at least one processor. In this embodiment, the at 
least one processor contains at least one multi-stage execution 
unit. In this embodiment, the storage medium is customized 
to contain a set of processor executable instructions that, 
when executed by the at least one processor, configure the 
custom computing apparatus to optimize source code for 
execution on a second computing apparatus. The second 
computing apparatus, in this embodiment, is configured with 
at least two multi-stage execution units. This configuration 
allows the execution of Some tasks in parallel, across the at 
least two execution units and others in serial on a single 
execution unit. In the optimization process the at least one 
processor takes into account the tradeoff between the cost of 
parallel operations on the second computing apparatus and 
the cost of serial operations on a single multi-stage execution 
unit in the second computing apparatus. 
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4 
In a still further embodiment of the present invention a 

computer software product is provided. The computer soft 
ware product contains a computer readable medium, Such as 
a CDROM or DVD medium. The computer readable medium 
contains a set of processor executable instructions, that when 
executed by a multi-stage processor within a first computing 
apparatus configure the first computing apparatus to optimize 
computer program source code for execution on a second 
computing apparatus. Like in the above described embodi 
ments, the second computing apparatus contains at least two 
execution units. With at least two execution units there is an 
opportunity for parallel operations. The configuration of the 
first computing apparatus includes a configuration to receive 
computer source code in a memory on the first computing 
apparatus and to optimize the costs of parallel execution and 
serial execution of tasks within the program, when executed 
on the second computing apparatus. The configuration mini 
mizes these execution costs and produces program code that 
is optimized for execution on the second computing appara 
tuS. 

BRIEF DESCRIPTION OF THE DRAWINGS 

Various embodiments of the present invention taught 
herein are illustrated by way of example, and not by way of 
limitation, in the figures of the accompanying drawings, in 
which: 

FIG. 1 is an overview of an exemplary compiler architec 
ture consistent with provided embodiments: 

FIG. 2 illustrates the operational flow of one embodiment 
of a provided local memory compaction module; 

FIG. 3 illustrates the operational flow of another provided 
local memory compaction module, in which array references 
are partitioned into groups and algebraic and geometric data 
re-indexing functions are computed; 

FIG. 4 illustrates the operational flow of an additional local 
memory compaction module in which inefficiencies in 
memory usage are determined using lattices of integer points; 

FIG.5 illustrates the operational flow of an additional local 
memory compaction module for reducing the inefficiencies 
in local memory usage by extracting representative array 
references and producing re-indexing functions using Her 
mite factorizations; 

FIG. 6 illustrates the operational flow of an additional local 
memory compaction module for computing data re-indexing 
functions by producing linear constraints and solving a series 
of linear programming problems. 

FIG. 7 illustrates the operational flow of an additional local 
memory compaction module for computing data re-indexing 
functions by finding a prism of triangular base that encloses 
the accessed data set and reducing the memory requirements 
of the enclosed data region by transforming the data elements 
that lie within a subset of the prism of triangular base. 

FIG. 8 illustrates the operational flow of an additional local 
memory compaction module using data re-indexing informa 
tion to produce abstract communication commands and 
schedule computations and communications for the program 
in Such a way that their executions overlap: 

FIG. 9 illustrates a computing apparatus and computer 
software product consistent with provided embodiments: 

FIG. 10 illustrates a computer network and a computing 
apparatus consistent with provided embodiments; 

FIG. 11 illustrates processors with multi-stage execution 
units: 

FIG. 12 illustrates a processor with multiple multi-stage 
execution units; 

FIG. 13 illustrates an embodiment of a provided method 
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FIG. 14 illustrates an embodiment of a provided method; 
FIG. 15 illustrates an embodiment of a provided method; 
FIG. 16 illustrates an embodiment of a provided method; 
FIG. 17 illustrates an embodiment of a provided method; 
FIG. 18 illustrates an embodiment of a provided method; 
FIGS. 19 A-C illustrate an embodiment of a provided 

method; 
FIGS. 20A-B illustrate an embodiment of a provided 

method; 
FIGS. 21A-D illustrate an embodiment of a provided 

method; and 
FIG. 22 illustrates an embodiment of a provided method; 
FIG. 23 illustrates embodiments of provided methods; 
FIG. 24 illustrates other embodiments of provided meth 

ods; 
FIGS. 25A and 25B illustrate other embodiments of pro 

vided methods; and 
FIGS. 26A and 26B illustrate other embodiments of pro 

vided methods. 
It will be recognized that some or all of the figures are 

schematic representations for purposes of illustration and do 
not necessarily depict the actual relative sizes or locations of 
the elements shown. The Figures are provided for the purpose 
of illustrating one or more embodiments with the explicit 
understanding that they will not be used to limit the scope or 
the meaning of the claims. 

DETAILED DESCRIPTION OF THE INVENTION 

In the following paragraphs, the present invention will be 
described in detail by way of example with reference to the 
attached drawings. While this invention is capable of embodi 
ment in many different forms, there is shown in the drawings 
and will herein be described in detail specific embodiments, 
with the understanding that the present disclosure is to be 
considered as an example of the principles of the invention 
and not intended to limit the invention to the specific embodi 
ments shown and described. That is, throughout this descrip 
tion, the embodiments and examples shown should be con 
sidered as exemplars, rather than as limitations on the present 
invention. Descriptions of well known components, methods 
and/or processing techniques are omitted so as to not unnec 
essarily obscure the invention. As used herein, the “present 
invention” refers to any one of the embodiments of the inven 
tion described herein, and any equivalents. Furthermore, ref 
erence to various feature(s) of the “present invention' 
throughout this document does not mean that all claimed 
embodiments or methods must include the referenced fea 
ture(s). 

The trend of increasing the frequency at which processors 
perform computations seems to have come to an end. Power 
consumption and control complexity have reached such high 
levels that manufacturers are backing out of this design path. 
Current machines have evolved to multiprocessor architec 
tures on a chip with increasingly many cores per chip and 
multiple threads per core. This trend is expected to dramati 
cally increase, reaching thousands of cores per chip in the 
next few years. Thus, modern computers increasingly need to 
exploit parallelism at different levels to provide sustained 
performance. On the other hand, parallel programming tech 
niques have not evolved at the same speed and the gap 
between theoretical machine speed and actual utilization con 
tinues to increase. 

Compilers are responsible for translating the abstract 
operational semantics of the source program, i.e., a text 
description of what the program’s execution is Supposed to 
perform, into an executable form that makes efficient use of a 
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6 
highly complex heterogeneous machine. Multiple architec 
tural phenomena occur and interact simultaneously within the 
targeted computer during the execution of the program; this 
requires the optimizing compiler to combine multiple pro 
gram transformations in order to define a program execution 
that takes advantage of those architectural phenomena. For 
instance, when targeting computers that have multiple pro 
cessing elements (multi-core computers), there is often a 
trade-off between exploiting more processing elements 
simultaneously (parallelism) and exploiting data access 
locality to reduce memory traffic. Indeed, the speed and band 
width of the memory subsystems are almost always a bottle 
neck. The problem is typically worse for multi-core comput 
ers. Since, in traditional compilers, optimization problems 
are associated with huge and unstructured search spaces, this 
combinational task is poorly achieved in general, resulting in 
poor scalability and disappointing Sustained performance of 
the Supposedly optimized program. 

Generating efficient code for deep parallelism and deep 
memory hierarchies with complex and dynamic hardware 
components is a difficult task: the compiler (and run-time 
system) has to take the burden of tasks that only expert pro 
grammers would be able to carry. In order to exploit parallel 
ism the first necessary step is to compute a representation 
which models the producer/consumer relationships of a pro 
gram as closely as possible. The power of an automatic opti 
mizer or parallelizer greatly depends on its capacity to decide 
whether two portions of the program execution may be inter 
changed or run in parallel. Such knowledge is related to the 
task of dependence analysis which aims at precisely disam 
biguating memory references. The issue is to statically form a 
compact description of the dynamic properties of a program. 
Forming a precise description is generally undecidable and 
approximations have to be made. 
Once dependence analysis has been computed, a compiler 

performs program transformations to the code with respect to 
different, sometimes conflicting, performance criteria. Any 
program transformation must ultimately respect the depen 
dence relations in order to guarantee the correct execution of 
the program. A class of transformations targeting the loop 
nests of a program (such as "DO loops in the FORTRAN 
language, and “for” and “while' loops in languages derived 
from the C language) are known to account for the most 
compute intensive parts of many programs. The polyhedral 
model is a representation of a program's structure particularly 
Suited for expressing complex sequences of loop nests, com 
plex sequences of loop nest transformations, and other rel 
evant information Such as for instance dependences, commu 
nications, and array layouts. 
A polyhedron is defined as a set of points verifying a set of 

affine inequalities and equalities on a number of variables. 
There exist alternate but equivalent definitions for polyhe 
drons, such as the one based on a combination of Vertices, 
rays and lines proposed by Minkowski. There are also alter 
nate representations, often based on the alternate definitions. 
While the present disclosure teaches using one of those defi 
nitions and representations to illustrate the various embodi 
ments, various embodiments are in no way restricted to a 
particular definition or representation. 
A polyhedral domain is defined as a finite union of poly 

hedrons. One of the main interests in using polyhedral 
domains is that they provide a precise representation of sets 
and relations among sets, on which many optimization prob 
lems can be phrased and solved using a rich set of algorithms, 
which are mostly available in the literature. Some embodi 
ments of the sets in question represent loop iterations, mono 
and multi-dimensional data sets, sets of processing elements, 
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data transfers, synchronizations, and dependences. Thus, 
essential characteristics of the execution of a program can be 
Summarized into compact mathematical objects, polyhe 
drons, which can be manipulated and transcribed into an 
executable program that has desired execution properties. 
By considering a subset of the variables of a polyhedron as 

symbolic constants, also called “parameters', it is possible to 
perform program optimizations and parallelization as a func 
tion of the symbolic constants. Hence, programs involving 
loops that depend on a constant value that is not known at the 
time when compilation is performed, but only when the pro 
gram is executed, can be modeled using polyhedrons that are 
defined as a function of those constant values. A polyhedron 
involving parameters is called a parametric polyhedron. 
Similarly, a parametric polyhedral domain is defined by a 
finite union of parametric polyhedrons. For instance, the set 
of values that the counters of a loop nest reach during the 
execution of the loop nest is represented by the loop nests 
“iteration domain'. The iteration domain of the following 
loop nest (using the C language’s syntax, where F is a C 
function call) can be written as the parametric domain 

The set of iterations of such a loop nest depends directly upon 
the value of the parameters. The parametric domain that rep 
resents the set of iterations is called a “parametric iteration 
domain'. It has to be noted that the values of the loop counters 
are integer. Hence, the set of values of i and j also lie on a 
regular lattice of integer points (the standard lattice Z in the 
current example). However, it is possible to represent the fact 
that a set belongs to a polyhedral domain as well as the fact 
that it also belongs to a regular lattice of points using poly 
hedral domains exclusively. While alternate, equivalent rep 
resentations exist (for instance those based on “Z-polyhe 
drons', which are an explicit intersection of a polyhedral 
domain and a lattice of integer points), various embodiments 
of the present invention are in no way restricted to exclusively 
using polyhedral domains. The use parametric polyhedral 
domains as a means to illustrate various provided embodi 
ments. In some embodiments, either or both polyhedrons and 
Z-polyhedrons can be used as a representation, and there exist 
conversion methods between both representations. 

While most of the transformations applied to the polyhe 
dral representation of a program are defined for any element 
of the polyhedral domain to transform, a class of more com 
plex and precise transformations is obtained by partitioning 
the vector space in which the polyhedral domain is defined 
into Sub-polyhedrons, and by defining a different transforma 
tion for each polyhedron of the partition. The resulting trans 
formation is called a “piecewise’ transformation. For 
example, consider the transformation that takes two numbers 
i and j and computes three numbers x, y, and Z as: {X-2i+1; 
y=(i+j)/2: Z-3j+4} when i is greater thanj and {x i: y=i-j-- 
3; Z 2 wheni is less than or equal to j. It is a piecewise affine 
function since it has different definitions for each set of val 
ues, i>} and isj}, which define apartition of the (i,j) vector 
Space. 
The context of various embodiments, the use of polyhedral 

representations to perform complex optimizations on pro 
grams, either independently or within a system of optimizing 
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8 
components. An exemplary embodiment of Such a system is 
illustrated in FIG. 1, where it is described as being part of a 
compiler. Flow of the exemplary embodiment starts in block 
1, where the compiler is processing a program. Flow contin 
ues in block 14, where the compiler analyzes the program to 
decide if there are portions of the program that should be 
optimized and mapped using a polyhedral system. If it is the 
case, the flow goes to block 2, where the compiler provides 
the system of optimizing components with a polyhedral rep 
resentation of a portion of the program to be optimized. If not, 
the compiler continues to process the program without using 
the system of optimizing components and completes. The 
components of the system are in charge of a part of the global 
optimization of the input program. In the flow of the embodi 
ment illustrated in FIG.1, the polyhedral representation of the 
input code is analyzed in block 2 to produce dependence 
information. Flow continues in block 3 where such informa 
tion is used in a local memory compaction component or 
module that modifies array layouts in a way that removes 
Some dependencies, schedules loop iterations in a way that 
exposes loops that scan independent iterations, and Schedules 
the execution of operations using a same data to be executed 
within a close time interval. Flow continues in block 4, where 
the modified polyhedral representation of the program is pro 
cessed by another optimizing component, which partitions 
the represented loop operations into entities called tasks, 
which have good data locality properties (they access a data 
set that involves an optimized use of the memory Subsystem 
of the target computer), and assigns a processing element of 
the target machine to each task. In this exemplary embodi 
ment, the flow continues to decision block 5, which decides 
which block is next in the flow as a function of the target 
machine. If the target machine requires the execution of 
explicit communication commands to transfer data to and 
from its processing elements, flow goes to block 6, where the 
representation of the program thus modified is then processed 
by a series of optimizing modules which define a new layout 
for data that is transferred to a processing element's local 
memory. Otherwise, the flow goes to block 9. From block 6, 
flow continues to block 7, where a representation of the 
explicit communications is produced, based on polyhedrons, 
and then to block 8, where the execution of the communica 
tions are scheduled for parallel execution with the tasks, using 
multi-buffering. Whether the target machine requires explicit 
communications or not, the flow continues to block 9, where 
an optimizing component processes the polyhedral represen 
tation of the program obtained from the previous components 
by inserting a polyhedral representation of synchronization 
operations, which ensure that the execution of the modified 
program produces the same results or similar results as the 
original input program. The flow of the exemplary embodi 
ment then goes to block 11, where an optimizing component 
partitions the tasks into Subtasks whose execution reduces 
traffic between the processing elements’ memories and their 
registers. Then, in block 12, a polyhedral representation of 
commands that trigger the execution of a series of tasks on the 
different processing elements of the target machine and that 
wait for the completion of those, is generated by the next 
optimizing component. Finally, in block 13, the polyhedral 
representation of the optimized program is transformed by 
polyhedral code generation component into a representation 
(Abstract Syntax Tree, high-level language code, or a com 
piler's internal representation) that can be either processed by 
a compiler or processed further by the user. In the exemplary 
embodiment, the flow continues back to block 1, where it may 
cycle again through the whole flow if there is more code to be 
optimized using the system of optimizing components. 
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In contrast to compilers based on polyhedral domains, 
traditional loop-oriented optimizing compilers typically per 
form syntactic transformations. As a result, many interesting 
optimizations are often not available. Such as fusion of loops 
with different bounds or imperfectly nested loop tiling. 5 

In some embodiments, the optimizing components or mod 
ules comprise processor executable code that when executed 
by a processor, convert Source code into otherforms of source 
code, or in some instances machine code. In other embodi 
ments, various modules may be implemented in hardware 10 
Such as monolithic circuits, Application Specific Integrated 
Circuits (ASIC), or Field Programmable Gate Arrays 
(FPGA). These modules may comprise software, hardware, 
firmware, or a combination of these implementations. It is 
important to note that various embodiments are illustrated in 15 
specific programming languages, these illustrations are mere 
examples and the scope is not therefore limited to any par 
ticular programming language. 

Embodiments of a provided optimization module, 
described above as local memory compaction are illustrated 20 
in FIGS. 2-8. FIG. 2 illustrates the flow of a provided method 
for local memory compaction. Flow begins in block10 where 
Source code is received into memory. In this embodiment, the 
Source code represents loops with arbitrary parametric affine 
iteration domain and contains at least one array reference. An 25 
array reference is an operation that represents an access, 
typically a read or a write, to an array. Such a reference 
represents, either explicitly or implicitly, for instance by 
using programming language conventions, a function to 
retrieve the memory address of an element of the array. In 30 
loop programs, that function is typically a direct or indirect 
function of the loop indices and of some loop-constant values. 
For instance, in C, arrays are typically referenced through 
mono- and multi-dimensional affine functions of Some input 
values. In the C language, the declaration of an array includes 35 
parameters called “array size', which implicitly define the 
address of an array element as a function of the input values to 
references to this array declaring “char A.100200 allo 
cates an array of 20000 elements (100x200), named A, and 
defines that for any two integer values X and y, the memory 40 
address of the element of A referenced through Axy is 
b+200x+y, where b is a value called the “base address' of 
array A. b is constant for each array and is determined at Some 
point in the compilation process. Flow continues to block 20 
where inefficiencies in memory usage in the at least one array 45 
are identified. In one embodiment, the inefficiencies are 
related to access and memory footprint of the array. Flow then 
continues to block 30 where at least one local array is allo 
cated, and in block 40 a portion of the array with inefficient 
memory usage is mapped into the local array. The mapping 50 
portion of the module outputs code that is more efficient than 
the original code in terms of the memory size requirements of 
the local array versus the original array. In some embodi 
ments the accessed data is arbitrarily complex. In further 
embodiments, the mapping produces a piecewise affine index 55 
function for the local arrays. Other embodiments include the 
rendering of a visualization of the optimized code on a moni 
tOr. 

Arrays are typically allocated sets of contiguous memory 
blocks. Some loop operations may access only portions of the 60 
allocated memory. When reorganizing the data layout for a 
specific processor, there is an opportunity to take advantage 
of the inefficiencies in memory access requirements versus 
the actual utilization of the array. For example, given the 
following code fragment, 900,000 contiguous memory 65 
blocks are allocated, but only 100 are accessed in this opera 
tion. Furthermore, access to the array is not contiguous, but 

10 
contains gaps, and thus will have less than optimal locality. 
Thus keeping the original data layout (and array size) in a 
remote processor is extremely inefficient. Moreover, if there 
are less than 900,000 blocks available in the local memory, 
the local memory cannot hold the entirety of the array and the 
program cannot be executed properly. In the provided code 
fragments, we are using "... to elude other operations which 
do not have any specific illustrative purpose. 

double A300)|300); 
for (i-0; i-100; i++) { 

... = ... A2*i+1003*1); } 

One embodiment of a provided method, illustrated in FIG. 
2, would map this code fragment into a local array with 100 
elements. An exemplary mapping would produce the follow 
ing pseudo-code fragment, in which the storage requirement 
of a local array is reduced from 300x300 elements to the 
optimal 100 elements. 

double A local 100); //local memory 
transfer A2*i-1003*1 to A locali, i=0, 1,... 99; 
for (i-0; i-100; i++) { 
... = ... A locali); 

One feature of this embodiment is that it provides a method 
of compacting local memory in a computing apparatus. This 
method provides a more efficient memory structure in terms 
of both access to the elements and the amount of memory 
occupied by the data that is actually accessed. The memory 
requirements are reduced from the initial allocation to an 
allocation that is large enough to contain the data that is 
actually used in the operations. In contrast to other methods, 
the provided method handles loops whose iteration domains 
are non-rectangular, and loops that have a parametric iteration 
domain. In this document we refer to polyhedral iteration 
domains that are either non-rectangular or parametric or both 
as “arbitrary parametric iteration domains”. In addition, the 
provided methods handle non-convex accessed data sets. The 
provided embodiments are very useful in image and video 
processing. Imaging applications typically utilize significant 
multi-dimensional arrays where data representations of 
physical objects and systems are stored. Many image process 
ing steps, such as discrete wavelet transforms for example, 
only utilize discrete portions of the stored data. In these 
situations, various embodiments provide significant optimi 
Zations to local data storage. 

Another embodiment of a provided method is illustrated in 
FIG. 3. In this embodiment, flow begins in block 10 where 
source code is received in memory. Similar to the above 
embodiment, the Source code contains loops with arbitrary 
parametric iteration domain and contains at least one array 
reference. Flow continues to block 20 where inefficiencies in 
memory usage in the at least one array are identified. Flow 
then continues to block 30 where at least one local array is 
allocated, and in block 40 a portion of the array with ineffi 
cient memory usage is mapped into the local array. In this 
embodiment, mapping block 40 includes partitioning refer 
ences to form compatible references in block.50; determining 
a relation within compatible references in block 60; grouping 
compatible references based on the relation in block 70; per 
forming algebraic simplification in block 80; and performing 
geometric arrangement through re-indexing the elements of 
the local array in block 90. In some embodiments the set of 
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references partitioned are references that access a portion of 
the array. The following pseudo-code example illustrates this 
embodiment. 

In this case, all three references to array A are disjoint in 
that they access disjoint portions of the array. In this case, they 
are transformed into three local arrays. A 2. A 3 and A 4 in 
the following manner. 

float A 21616; if a triangular Subregion of A 
float A 316); // a column of A 
float A316); // a row of A 
doa11 (1 = 0; 1 <= min(15, -i-128-16*P+254); 1++) 

doa11 (m = 0; m <= min(-i-16*k+254, 15); m++) 
A 2m 1 -= A 3m) * A 41); 

Performing transformations of the way data are allocated 
in memory, i.e., transforming the data layouts, has a combi 
national aspect, since the data sets accessed through each 
array reference may overlap with one or more data sets 
accessed by other array references. Since each one of those 
overlaps entail constraints in the way that data layouts can be 
transformed, analyzing all the combinations of overlaps for 
all the references is a source of high computational complex 
ity. Hence, references are grouped into sets in Such a way that 
data accessed through one set of references does not overlap 
data accessed through another set of references. In this 
embodiment, references of the same set are called "compat 
ible references”. Since there is no overlap among sets of 
compatible references, the following parts of the memory 
layout transformation, which consider the overlaps, can be 
applied independently to each set of compatible references. In 
particular, they will decide if the overlapping data sets 
accessed by a set of compatible references should be parti 
tioned further and how. 

In some embodiments, compatible references are identi 
fied by overlapping memory footprints during the execution 
of a particular Subset of loop iterations. In an exemplary 
embodiment, the provided method identifies array references 
having overlapping memory footprints; duplicates a portion 
of the identified references; and associates each of the dupli 
cates with disjoint subsets of the memory footprint. An 
example pseudo-code illustrates this embodiment. 

double A100 100: 
for (j = 0; j < 100; j++) { 

... = Ai Aji: 

The two references Aij and Aji overlap when i-j. 
However, if the references are allocated together, it is impos 
sible to reduce the local memory usage using only affine 
transformations. This is because the data footprint of the two 
references is a 2-dimensional set (a cross), while the data 
footprints of the individual references are both 1-dimen 
sional. In order to compute better allocations in situations like 
this, one embodiment first estimates how much overlapping is 
in the references. If the references are read-only, and if the 
overlapping data set is a small percentage of the overall data 
set, the embodiment splits the references into two distinct 
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references to one-dimensional data sets. In the above 
example, the embodiment will generate the following local 
memory allocation. Note that the center element of the data 
footprint, Aii, has been replicated and put into the loca 
tions A 1 i and A 2 i. 

double A 1100); 
double A 2100); 
Transfer Aito A 11, i 
Transfer Ajito. A 2i, i. 
for (0: j < 100; j++) 

... A 1* A 2; 

.99 O.. 
O. . .99 

The geometric re-arrangements provided by a further 
exemplary embodiment are defined by a piecewise affine 
transformation. In other words, the transformation applied to 
the references is defined as a set of functions, each element of 
the set being valid within a polyhedral domain of the loop 
values, the parameters and the coordinates of the data 
accessed through the set of compatible references. In an 
exemplary embodiment, when some of the data accessed by a 
set of compatible references are written by some of the ref 
erences, the written data subset and a subset of the data set that 
is only read define a partition for the piecewise affine trans 
formation. Consider the program represented by the follow 
ing pseudo-code: 

double A100100); 
for (j = 0; j <99; j++) { 

Ai+1 = ... Aji: 

In this example, the data set accessed by the both references 
to array A form a two-dimensional set, while the data sets 
accessed through each reference are one-dimensional. The 
data accessed through both references overlap in Aii. In 
the exemplary embodiment, a piecewise transformation of A 
is applied, which separates A into two Subsets, one for each 
one-dimensional data set, and marks one of them as receiving 
the updates (let us call it the “writing reference') to the 
duplicated data. In the example, the duplicated data is Aii 
and the iteration domain is partitioned into three polyhedral 
domains, {0sj<i}, {j-i} and {i<j<99, in order to take into 
account the fact that only one of the data Subsets is updated. 
Such a partition of the iteration domain is obtained by defin 
ing the iterations accessing duplicate data through “non-writ 
ing references and replacing those accesses with an access 
through the writing reference. The resulting piecewise affine 
transformation is {(Aij-1=A 1j), Aji=A 2j]) for 
Osi-100,0s.<i or isj<100; and (Aij-1=A 1, Aji= 
A 1j) for 0<i-100, ij}. The result of the piecewise affine 
transformation can be represented by the following pseudo 
code, which uses only two arrays as a replacement for the 
original array A, has quasi-optimal memory requirements 
(198 memory cells, while the optimal would be 197): 

double A 1991, A 299 
for (intj=0; j<i; j++) { 
A 1 = ... A 2; 

A 1 i = ... A 11-1; if the updated value of Ali is in A 1 when j=i 
for (intj=i--1; j<99; j++) { 
A 1 = ... A 2; 
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In other exemplary embodiments, the geometric rearrange 
ment is a piecewise affine transformation that defines a par 
tition of the iteration domain and of the datasets in Such away 
that the number of references to a local array varies from one 
element of the partition to another. In the following example, 
in which the possible values of variable i are {0sis99900, 
the data sets accessed through reference A and Ai-ii over 
lap when i is less than 100. Otherwise, they do not overlap. 

double A10000); 
for (i =0; j< 100; j++) { 
Ai) = ... * Al 

Since those data sets overlap for some values of i, both 
references are put in the same group of compatible references. 
If the accessed data sets are allocated as a single local array, 
the amount of memory necessary to contain the array is 10000 
memory cells. On the other hand, if they are allocated as two 
separate arrays, some of the data would have to be duplicated 
and the iteration domain (the j loop here) would have to be 
partitioned as in the previous exemplary embodiment. The 
amount of overlap when i is less than 100 may not be small 
enough and it may not be profitable to perform the duplica 
tion. The geometric rearrangement provided by the embodi 
ment is a piecewise affine transformation that defines a par 
tition of the set of parameters (in the current example, i): 
{(A 1ji=AjI) for 0<i><100, and (A 1ji=Aj. A 2=Ai+ 
j) for is 100. The maximum amount of memory that has to 
be allocated for any value of i is 200 memory cells (as com 
pared to 10000), and it is 100+i when i is less than 100. The 
resulting transformation can be represented as pseudo-code 
as follows: 

if (ik100) { 
double A 1100+il; 
for (j=0; j< 100; j++) { 

A 1 = ... * A 11 

else { 
double A 1100); 
double A 2100); 
for (j=0; j<100; j++) { 
A 1 = ... A 2; 

One advantage of the geometric rearrangement that is per 
formed by this exemplary embodiment is that the j loops are 
not partitioned. Partitioning the loops into Smaller loops is 
often a factor of performance degradation, which is avoided 
in this exemplary embodiment. The partition of i is obtained 
by computing the domain in which both data sets intersect, by 
projecting the intersection onto the vector space of the param 
eters (in the current example, the parameter is i and the pro 
jected domain is {i<100. 

The operation flow of a further provided embodiment of a 
local memory compaction module is illustrated in FIG. 4. In 
this embodiment, flow begins at block 10 where source code 
is received in memory. Similar to the above embodiment, the 
Source code represents loops with arbitrary parametric affine 
iteration domains and contain at least one array reference. 
Flow continues to block 20 where inefficiencies in memory 
usage in the at least one array are identified. In this embodi 
ment, the identification of inefficiencies includes block 100 
where strides in the polyhedral domain that defines the 
accessed dataset are identified, and block 110 where a lattice 
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of integer points within the domain is extracted from the 
domain. These integer points indicate that only a regular 
Subset of the accessed data region is accessed. In this manner, 
more efficient allocation of local arrays is accomplished 
because portions of the array that are not accessed are iden 
tified and excluded from the mapping from the array to the 
local array. 
An additional provided embodiment is illustrated in FIG. 

5. In this embodiment, like earlier embodiments flow begins 
at block10 where source code is received in memory. Similar 
to the above embodiment, the Source code represents loops 
with arbitrary parametric affine iteration domain and contains 
at least one array reference. Flow continues to block 20 where 
inefficiencies in memory usage in the at least one array are 
identified. Flow then continues to block 30 where at least one 
local array is allocated, and in block 40 a portion of the array 
with inefficient memory usage is mapped into the local array. 
In this embodiment, like in the embodiment illustrated by 
FIG. 3, mapping block 40 includes partitioning references to 
form compatible references in block 50; determining a rela 
tion within compatible references in block 60; grouping com 
patible references based on the relation in block 70; perform 
ing algebraic simplification in block 80; and performing 
geometric arrangement in block 90. The algebraic simplifi 
cation block 80 includes block 130 where a representative 
array reference is extracted from a set of references accessing 
a portion of the array. In some embodiments, the representa 
tive array reference represents a set of references which 
access polyhedral datasets whose accessed points all lie on a 
lattice of integer points that is not the standard lattice, on 
which any integer point lies. These embodiments take advan 
tage of the fact that array references represent affine func 
tions, which can be represented as matrices called “access 
matrices”. In the exemplary embodiment, the flow within 
block 40 goes from block 130 to block 140 where a Hermite 
factorization is performed for the access matrix representing 
the representative array reference. The Hermite factorization 
produces a piecewise affine index function. 
One purpose of Hermite factorization is to reduce the 

dimension of the reference to the actual geometric dimension 
of the data footprint. In addition, if the access pattern contains 
strides, i.e., regular intervals between accessed data, using the 
non-unimodular matrix that results from the Hermite factor 
ization in the transformation removes these strides in the 
resulting local references. For example, given an affine access 
function f(x, y) on loop indices X and parameters y, we first 
decompose it into the Sum of g(x)+h(y), where g(x) is a linear 
function on X and h(y) is an affine function only. This decom 
position is analgebraic simplification that makes it possible to 
perform further computations on the part of f(x,y) that 
involves variables only. Function g(x) can be decomposed 
into g(x)=HU, where H=H'O is the Hermite Normal Form of 
g(x) and U is unimodular matrix. Let 

where HU=HU1The following mapping from global to 
local indices is then performed f(x, y) f->U1x. 

Hermite factorizations have many uses is lattice computa 
tions. The Hermite factorization of a matrix G, written 
G=HU, writes matrix Gas the product of two matrices, Hand 
U. H. called the “Hermite normal form', is a canonical rep 
resentation of the lattice (also) represented by G. U is a 
unimodular matrix, which entails that U, when used as a 
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transformation, always transforms any point that has integer 
coordinates into another point that has integer coordinates. 
Also, any point that has integer coordinates can be obtained 
by transforming a point with integer coordinates using a 
unimodular transformation. This is important since most pro 
gramming language conventions enforce that data elements, 
and particularly array elements, must have integer coordi 
nates. 

The flow of a still further provided embodiment is illus 
trated in FIG. 6. In this embodiment, like previous embodi 
ments, flow begins at block 10 where source code is received 
in memory. Similar to the above embodiment, the source code 
represents loops with arbitrary parametric affine iteration 
domain and contain at least one array reference. Flow contin 
ues to block 20 where inefficiencies in memory usage in theat 
least one array are identified. Flow then continues to block 30 
where at least one local array is allocated, and in block 40 a 
portion of the array with inefficient memory usage is mapped 
into the local array. In this embodiment, mapping block 40 
includes partitioning references to form compatible refer 
ences in block 50; determining a relation within compatible 
references in block 60; grouping compatible references based 
on the relation in block 70; performing algebraic simplifica 
tion in block 80; and performing geometric arrangement in 
block 90. Geometric rearrangement 90 contains blocks 150 
where linear constraints are formed, block 160 where sets of 
linear programming problems are formed from the linear 
constraints and solved, and block 170 where a data reindexing 
is computed. In some embodiments, the flow goes back to 
block 150. In Such embodiments, geometric rearrangements 
are applied iteratively until no reindexing function is found 
that reduces memory requirements. 

Most modern programming languages abide by the con 
vention that multi-dimensional arrays are allocated in 
memory as if they were canonical rectangular parallelotopes. 
In a space of d dimensions, a parallelotope is a finite polyhe 
dron defined by 2d faces, and whose faces are pair-wise 
parallel. A canonical rectangular parallelotope is a parallelo 
tope for which the normal vectors to its faces are either a 
canonical vector or the negation of a canonical vector. 
Examples of rectangular parallelotopes are a cube (in a 3-di 
mensional space) and a rectangle (in a 2-dimensional space). 
In an exemplary embodiment, the transformation is a unimo 
dular reindexing of the accessed data that minimizes the size 
of the Smallest canonical rectangular parallelotope that 
encloses the accessed dataset. The Smaller the enclosing rect 
angular parallelotope, the Smaller the amount of memory that 
has to be allocated for the dataset. 

In some embodiments, this is accomplished by formulating 
a first set of linear constraints through the use of Farkas 
Lemma. This first set of linear programming constraints is 
decomposed dimension by dimension to form a set of integer 
linear programming problems. This set of problems is then 
Solved to provide the data reindexing function which can then 
be applied to the at least one local array. Unimodular rein 
dexingS transform integer points into integer points. Hence, 
the convention that data elements have integer coordinates is 
preserved by Such a reindexing. In the case of affine transfor 
mations, the linear part of the transformation can be repre 
sented by a unimodular matrix. 

Farkas lemma is a basic linear algebra theorem which is 
often used to obtain, from a set of affine constraints (i.e., 
inequalities and equalities) on variables with unknown coef 
ficients, constraints that apply to the unknown coefficient 
themselves. In this embodiment, it is used to obtain a set of 
constraints involving the coefficients of the unimodular data 
reindexing function (which is represented as a matrix) and the 
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width of the enclosing rectangular parallelotope along each 
dimension. From those obtained constraints, the method 
embodiment finds values of the coefficients of the unimodular 
data reindexing function for which the width is minimal, 
using integer linear programming. For example, the data set 
accessed through reference Bi-ji in the following pseudo 
code can be reindexed so as to occupy only 100 memory cells: 

Double An+10n+10: 
Double B2n+20n+10: 
For (i-n; is n+10; i++) { 

For (j=n; j<n+10; j++) { 
Aij = ... Bi-ji: 

The coordinates (XX) of the elements of array Baccessed 
by that loop node are defined by the constraints D:{nsX.<n+ 
10; insX<n+10}. The embodiment finds values of the coeffi 
cient of a matrix U such that U is unimodular and the coor 
dinates x' and x' of the reindexed data are defined by: 

tol 

to2 

The set of possible values of the coefficients of U, as well as 
the possible values oft1, t2, to and to are defined from the set 
of constraints D and the constraints that the data (X'X') are 
enclosed in a rectangular parallelotope of size (S,S) using 
Farkas lemma. Then, a value for those coefficients is com 
puted for which the size of the Smallest enclosing rectangular 
parallelotope (S. S. in our example) is minimal. Those values 
are computed by Solving, dimension by dimension of the data 
set, an integer linear programming problem. 
An integer linear programming problem defines a linear 

function of a set of variables, called the “objective function' 
and whose minimal (or, alternatively, maximal) value over a 
polyhedral domain called the “feasible set', is looked for. 
Solvers for such problems typically return a polyhedral 
domain, within the feasible set, for which the value of the 
objective function is minimal. In the running example, the 
embodiment finds: 

i 

The following pseudo-code represents the program resulting 
from the data reindexing of array B in our running example: 

Double A1010): 
Double B2n+20n+10: 
For (i-n; is n+10; i++) { 

For (j=n; j<n+10; j++) { 
Aij = ... Bi-ni-n: 

The data footprint of the re-indexed array B is now reduced to 
100 memory cells, instead of n+20n+100 initially. 

In one of the exemplary embodiments, the unimodular 
nature of the reindexing matrix U is obtained by forcing U to 
be triangular and forcing the absolute value of the diagonal 
elements to be one. In another embodiment, the unimodular 
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nature of the reindexing matrix is obtained by composition of 
an upper triangular unimodular and a lower triangular unimo 
dular matrix. The advantage of that other embodiment is that 
the class of unimodular reindexing functions produced is not 
limited to the reindexing functions represented by a triangular 
matrix. Finding those two matrices is equivalent to reindexing 
data twice, first by finding an upper triangular reindexing 
matrix as described above and applying the reindexing, and 
then by finding a lower triangular reindexing matrix for the 
reindexed set and by applying that second reindexing. Yet 
another embodiment produces, in the same way, a unimodu 
lar reindexing by composition of an upper triangular unimo 
dular matrix, a permutation matrix and a lower triangular 
unimodular matrix. The advantage of the embodiment is that 
the class of reindexing function that can be produced is the 
whole class of integer unimodular matrices. 

Turning to FIG. 7 which illustrates another embodiment of 
a provided method, like the previous embodiments, flow 
begins in block 10 where source code is received in memory. 
Similar to the above embodiment, the source code represents 
loops with arbitrary parametric affine iteration domain and 
contains at least one array reference. Flow continues to block 
20 where inefficiencies in memory usage in the at least one 
array are identified. Flow then continues to block 30 where at 
least one local array is allocated, and in block 40 a portion of 
the array with inefficient memory usage is mapped into the 
local array. In this illustration, block 40 contains block 180 
where a parallelotope of minimal volume is derived this par 
allelotope enclosing the domain of the data set accessed by 
the local arrays. Block 40 additionally contains block 190 
where a finite prism of triangular base is derived. 
As used herein, a finite prism is a polyhedron defined by a 

set of translations of a “base' polyhedron, which lies in a 
Subspace of the considered space, by a finite convex set of 
linear combinations of vectors of the complementary Sub 
space. Since they are finite, it is possible to characterize the 
maximum extent of a finite prism along the directions of the 
complementary Subspace. In this document, those extents are 
called “height of the prism (there is one height along every 
direction of the complementary Subspace). A triangular prism 
is a prism whose base polyhedron is a triangle. In two dimen 
sions, it is just a triangle. In one embodiment, this finite prism 
has a minimum Volume that encloses the data footprint 
domain. In block 200 the prism is compared to the parallelo 
tope. In block 210 the prism is partitioned into two prisms. 
One of the two is then transformed using a central symmetry 
Such that the union of the transformed prism and the non 
transformed prism has a smaller memory footprint than the 
enclosing parallelotope. One advantage of that embodiment 
is that it provides data layouts that have Smaller memory 
requirements, for a class of accessed datasets for which meth 
ods based on parallelotopes are not optimal. 

For instance, the dataset accessed by the program repre 
sented by the following pseudo-code through reference B is 
triangular: 

The embodiment finds three constraints that enclose the 
accessed data set, in a similar way as in the embodiment 
depicted in FIG. 6, using the Farkas lemma. The minimal 
volume for a parallelotope that encloses the dataset would be 
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about twice the Volume of the triangle. Hence, using Such a 
parallelotope to determine the memory allocation of the 
dataset is bound to be sub-optimal. Instead, the current 
embodiment, depicted in FIG. 7, defines a tighter enclosing 
polyhedron using three inequalities (it is then a prism of 
triangular base). Using the enclosing prism, the data set is 
partitioned in two Subsets, say A and B, and Subset A is 
re-indexed in such away that both the array elements in Band 
the re-indexed elements are enclosed in a smaller parallelo 
tope than the original parallelotope. The volume of the new 
parallelotope is about the volume of the prism of triangular 
base. Since there is a parallelotope of smaller volume enclos 
ing the reindexed data set, its memory requirements are 
Smaller. The result is a piecewise affine array reindexing, 
which typically partitions the loop iterations into the itera 
tions that access A, and the ones that access B. 

In the current embodiment, the three inequalities (a): 
aI+ao-0; (b):bl+bo-0; (c): cI+c00 that define the triangular 
prism P. where I is the vector of data coordinates are used to 
devise the partitioning. Let X, a point in the intersection of (b) 
and (c) and let waXI+ao. The prism is partitioned into A and 
B as follows: 

and B-P-A. A point, X, is defined that is in the domain 
{al+ao-w--1<0; b-bo-0} whose coordinates are a multiple 
of /260 and whose “height' in the prism is about half of the 
height of the prism. Array elements that are defined by A are 
transformed using a central symmetry of center X. In the 
program represented by the following pseudo-code, the tight 
est enclosing parallelotope, defined by 0<x1s9; 0<x259, 
where x1 represents the first dimension of array C and x2 its 
second dimension, includes 100 array elements. 

Double C1010): 
For (i-0; is 10; i++) { 

For j=0; j< i: j++) { 
...Cis...; 

The tightest enclosing triangle, defined by 0<x1; 0<X2: 
x1+x259, by comparison, includes 55 elements, which is 
about half the number of elements required for the enclosing 
parallelotope. Since the number of array elements in the 
enclosing triangle is less than the number of array elements in 
the enclosing parallelotope, the embodiment considers the 
tightest enclosing triangle and partitions the enclosed data 
into data subsets A: {0sX: 5sX: x+x-s9} and B: {0sX; 
0<x<4; x+xas9. Point 

is selected as center of symmetry and the elements of A are 
then transformed into a new array subset A" as follows: 
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where (X'X') are the new array element coordinates. The 
resulting program can be represented by the following code: 

The accessed data set is included in the parallelotope 
{0<x1<11, 0<x2<5}, whose memory requirements are of 55 
memory cells, i.e., about half of the parallelotope before the 
transformation. Other data layout optimizations, which are 
optimal when there is a tight parallelotope enclosing the 
accessed dataset, will then be more optimal than if applied 
straightforwardly to the original dataset that can be enclosed 
more tightly with a triangular prism. 

FIG. 8 illustrates a further embodiment of a provided 
method. In this embodiment, flow begins in block 10 where 
source code is received in memory. Similar to the above 
embodiment, the source code contains loops with arbitrary 
parametric affine iteration domain and contain at least one 
array reference. Flow continues to block 20 where inefficien 
cies in memory usage in the at least one array are identified. 
Flow then continues to block 30 where at least one local array 
is allocated, and in block 40 a portion of the array with 
inefficient memory usage is mapped into the local array. Flow 
then continues to block 220 where asynchronous communi 
cations and wait operations are generated. The exemplary 
embodiment uses the mapping between local memory ele 
ments and the elements of the original arrays, in conjunction 
with a description of the data that are needed as input and 
produced as output of the tasks to be executed, to produce an 
abstract representation of the transfers between the original 
arrays and the local memory elements. In an exemplary 
embodiment, the generation of these communications and 
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wait operations includes the use of multi-buffering for over 
lapping communication and computation operations. 
Many computers that contain processors that have an 

explicitly managed local memory also have the ability to 
transfer data at the same time as they are performing other 
computations. Such transfers are called “asynchronous”. The 
main reason for using that feature is that the typical time 
necessary for Such transferS is often comparable to the time 
taken to perform computations between two consecutive 
transfers of input data. Since doing both transfer and compu 
tation at the same time takes less time than doing one after 
another, the effect of overlapping them is to improve the 
overall program execution time. The use of several memory 
Zones, specialized to either execution, reception or sending of 
data, makes the overlap possible. Such a use is called “multi 
buffering. The specialization of the buffers is also modified 
at certain times. Such a modification is called a "rotation of 
the buffers', since a buffer is cyclically assigned the same 
specialization. 
One embodiment computes a local memory mapping, adds 

a polyhedral representation of the communications and 
schedules communications and computations in a multi-buff 
ering scheme for the program represented by the following 
pseudo-code. In this pseudo-code, every iteration of the k 
loop works on a distinct instance of local memory: 

This results in a program that can be represented by the 
following pseudo-code: 

rotate(vars=Cl, A 1, B I); 

get(Source=&Alm, destination=&A lis1 >1m, tag=O); 

for (1 = 0; 1 <= 15: 1++) { 

A lin; 
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-continued 

In the code example, “Get operations are transfers from an 
original array to a re-indexed array in local memory. “Put 
operations are transfers from local memory to original array. 
While the values ofkin the original program were going from 
0 to 7, in the multi-buffered version produced by the embodi 
ment they are going from -1 to 8. At iteration k=-1, the first 
“get transfers are issued. At iteration k=8, the last 'put' 
transfers are issued. “Wait operations, which wait for the 
completion of a series of transfers, were also inserted to 
ensure that a transferred data set is completed at that point of 
the program’s execution. In the embodiment, a tag system is 
used to identify the transfers whose completion is to be waited 
upon. The "rotate' operations operate the buffer rotation. 

Illustrated in FIG. 9 are computing apparatus and computer 
software products consistent with provided embodiments. 
Computing apparatus 720 includes processor 660, memory 
670, storage medium 680, and in some embodiments input 
port 690 and network interface 710. In many provided 
embodiments, storage medium 680 contains a set of proces 
Sor executable instructions that when executed by processor 
660 configure computing apparatus 720 to implement the 
modules and methods described herein. In one embodiment, 
storage medium 680, containing the set of processor execut 
able instructions resides in another computing apparatus 720 
across network 730. In an embodiment of a computer soft 
ware product, computer software product 700 is a computer 
readable storage medium containing processor executable 
instructions sufficient that when executed by processor 660 
configure computing apparatus 720 to implement the above 
described modules and methods. Further, computer software 
product, in Some embodiments consists of a physical medium 
configured to interface with input port 690 to allow its con 
tents to be copied to storage medium 680. In other embodi 
ments, computer software product 700 is an internal storage 
medium, such as 680. An additional embodiment of comput 
ing apparatus 720 includes a plurality of processors 680(a-n), 
a plurality of memories 670(a-n), a storage medium 680 and 
in some embodiments input port 690 and network connection 
710. In some embodiments, one or more processors 680(a-n) 
is a host, while others are modeled in the form of a grid. 

Other embodiments of the present invention provide a cus 
tom computing apparatus, illustrated in FIG. 10, that is con 
figured to optimize computer source code for operation on a 
second computingapparatus. As illustrated, first custom com 
puting apparatus 1010(a) is configured to communicate with 
second computing apparatus 1010(b) across network 1020. A 
further illustration of computing apparatus 1010 is provided 
in FIG. 10. In this illustration custom computing apparatus 
1010(a) contains at least one processor 1030(a-n), a commu 
nication port 1040 communicating with the at least one pro 
cessor 1030(a-n). Custom computing apparatus 1010(a) 
additionally includes memory 1050, which in some embodi 
ments includes dependence analysis module 1220. Custom 
computing apparatus 1010(a), in Some embodiments, addi 
tionally includes drive 1070 configured to accept external 
storage medium 1080. In some embodiments, external stor 
age medium 1080 is a CD, in others a DVD. In these embodi 
ments, drive 1070 is configured to accept the appropriate 
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external storage medium 1080. While CD and DVD are spe 
cifically enumerated in these embodiments, there are many 
external storage media that can be used to practice various 
aspects of the invention therefore some embodiments are not 
limited to the particular drive 1070 configuration or external 
media 1080. Custom computing apparatus 1(a) additionally 
includes storage medium 1060. Storage medium 1060 in 
Some embodiments is a hard-disk drive, and in others is a 
solid state drive. In some embodiments, storage medium 1060 
contains a set of processor executable instructions that when 
executed by the at least one processor 30(a-n) configure cus 
tom computing apparatus 1010(a) to optimize computer code 
for execution on computing apparatus 1010(b). While custom 
computing apparatus 1010(a) and computing apparatus 1010 
(b) are illustrated in FIG. 10 communicating over network 
1020, various embodiments of the invention do not require 
this inter-computer communication. 

Various embodiments of the present invention are directed 
to processors containing multi-stage execution units, and in 
Some embodiments multiple execution units. By way of 
example and not limitation to the particular multi-stage 
execution unit, FIG. 11 illustrates exemplary multi-stage 
execution units 90. In one embodiment, a 6-stage execution 
unit is utilized. In this embodiment, the stages may include 
instruction fetch, instruction decode, operand address genera 
tion, operand fetch, instruction execute, and result store. In 
another depicted multi-stage architecture, the stages include 
instruction fetch, instruction fetch & register decode, execute, 
memory access and register write-back. During routine 
operation of a multi-stage execution unit instructions are pro 
cessed sequentially moving from stage to stage. In scheduling 
operations on multi-stage execution unit processors there are 
inherent difficulties that arise. For example, one instruction in 
one stage of the pipeline may attempt to read from a memory 
location while another instruction is writing to that location. 
This is problem is confounded in the instance of multiple 
processing cores. Additionally, in multiple processor and/or 
multiple core architectures, the locality of data to the execu 
tion unit attempting access can create significant delays in 
processing. 
A further illustration of a multiple execution unit system is 

depicted in FIG. 12. In this illustration, a first execution unit 
(Execution Unit 1) is attempting to write to a specific memory 
location while a second execution unit (Execution unit 2) is 
attempting to read from that same location. When both read 
and write occur at the same time, this causes a condition 
known in the art as a conflicting access which can signifi 
cantly impact the speed and the correctness of execution. 
While it may appear that parallel execution of instructions 
across multiple execution units and/or processors would pro 
duce an optimal result this is not always the case. Further, as 
previously discussed optimization, of Source code for paral 
lelism may result in code that is poor in terms of locality or 
communications. In the prior approaches to code optimiza 
tion, the converse is additionally true. Optimization of code 
for locality can result in poor parallelism and underutilization 
of computing resources. It is therefore an object of embodi 
ments of the present invention to provide a customized com 
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puting apparatus, methods, and computer Software product 
that simultaneously optimizes a computer program for execu 
tion on a particular computing device with multiple execution 
units. It is another object of the invention to provide embodi 
ments of methods which can explore the complete Solution 
space for legal schedules for potential solutions. It is a further 
object of the invention to provide methods containing new 
formulations that encode the tradeoffs between locality and 
parallelism directly in the constraints and the objective func 
tions of an optimization problem. It is a further object of the 
invention to automatically generate conditional synchroniza 
tions between execution units at different levels in the hier 
archy of multiple execution units. 
The following code example illustrates loop fusion. Given 

the following code: 

inti, a 100), b100); 
for (i = 0; i < 100; i++) { 
ai = 1; 

for (i = 0; 1 < 100; i++) { 
bi = 2; 

The effect of loop fusion is to interleave the execution of the 
first loop with the execution of the second loop. 

inti, a 100), b100); 
for (i = 0; i < 100; i++) { 
ai = 1; 
bi = 2; 

A consequence of loop fusion is that memory locations ai 
and bireferenced by the former 2 loops are now accessed in 
an interleaved fashion. In the former code, memory locations 
were accessed in the order a 0, a1, ... a 100 then b0. 
b1, ... b100. In the code comprising the fused loops, the 
memory locations are now accessed in the order a 0, b0. 
a1), b1, ... a 100, b100. Loop fusion can lead to better 
locality when multiple loops access the same memory loca 
tions. It is common general knowledge in the field of compil 
ers that better locality reduces the time a processing element 
must wait for the data resident in memory to be brought into 
a local memory Such as a cache or a register. In the remainder 
of this document, we shall say that loops are fused or equiva 
lently that they are executed together when such a loop fusion 
transformation is applied to the received program to produce 
the optimized program. 

Loop fusion can change the order in which memory loca 
tions of a program are accessed and require special care to 
preserve original program semantics: 

inti, a 100), b100); 
for (i = 0; i < 100; i++) { 
ai = 1; 

for (i = 0; i < 100; i++) { 
bi = 2 + ai+1): 

In the previous program, the computation of bi depends on 
the previously computed value of ai--1. Simple loop fusion 
in that case is illegal. If we consider the value computed for 
b0=2+a1, in the following fused program, b0 will read 
a1 at iteration i=0, before a1 is computed at iteration i=1. 
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inti, a 100), b100); 
for (i = 0; i < 100; i++) { 
ai = 1; 
bi = 2 + al--1): 

It is common general knowledge in the field of high-level 
compiler transformations that enabling transformations such 
as loop shifting, loop peeling, loop interchange, loop reversal, 
loop Scaling and loop skewing can be used to make fusion 
legal. 
The problem of parallelism extraction is related to the 

problem of loop fusion in the aspect of preserving original 
program semantics. A loop in a program can be executed in 
parallel if there are no dependences between its iterations. For 
example, the first program loop below can be executed in 
parallel, while the second loop must be executed in sequential 
order: 

inti, a 100), b100); 
for (i = 0; i < 100; i++) { 
ai = 1; 

for (i = 1; i < 100; i++) { 
bi = 2 + bi-1: 

It is common knowledge in the field of high-level compiler 
transformations that the problems of fusion and parallelism 
heavily influence each other. In some cases, fusing 2 loops 
can force them to be executed sequentially. 
Loop permutability is another important property of pro 

gram optimizations. A set of nested loop is said permutable, if 
their order in the loop nest can be interchanged without alter 
ing the semantics of the program. It is common knowledge in 
the field of high-level compiler optimization that loop per 
mutability also means the loops in the permutable set of loops 
dismiss the same set of dependences. It is also common 
knowledge that Such dependences are forward only when the 
loops are permutable. This means the multi-dimensional vec 
tor of the dependence distances has only non-negative com 
ponents. Consider the following set of loops: 

if statement S 

There are 2 flow dependences between the statement S and 
itself. The two-dimensional dependence vectors are: (i-(i-1), 
j-(-1))=(1,1) and (i-(i-1), j-)-(1,0). The components of 
these vectors are nonnegative for all possible values of i and 
j. Therefore the loops 1 and j are permutable and the loop 
interchange transformation preserves the semantics of the 
program. If loop interchange is applied, the resulting program 
1S 

if statement S 
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Loop permutability is important because it allows loop 
tiling (alternatively named loop blocking). Loop tiling is a 
transformation that changes the order of the iterations in the 
program and ensures all the iterations of a tile are executed 
before any iteration of the next tile. When tiling by sizes (i-2, 
j=4) is applied to the previous code, the result is: 

if statement S 

Consider the memory locations written by the statement S. 
Before tiling, the locations are written in this order: a 11. 
a 12...a 1991, a21, a22. . . a 299, a 31... 
After tiling, the new order of writes is the following: a 11. 
a21, a 12, a22. . . a 14, a24, a 41, a 51. 
a42, a52 . . . a 44, a54 . . . It is additionally 
common knowledge that loop tiling results in better locality 
when the same memory locations are written and read mul 
tiple times during the execution of a tile. 

Loop tiling is traditionally performed with respect to tiling 
hyperplanes. In this example, the tiling hyperplanes used are 
the trivial (i) and () hyperplanes. In the general case, any 
linearly independent combination of hyperplanes may be 
used for tiling, provided it does not violate program seman 
tics. For example, (i+) and (i+2) could as well be used and 
the resulting program would be much more complex. 

In reference to some embodiments, the following terminol 
ogy is used: the doall and reduction indicate potential paral 
lelism rather than actual usage of parallelism. In this case, 
doall indicates that a loop may be executed in a data parallel 
manner, while reduction indicates that a loop is a reduction, 
i.e., its order of execution may be permuted. We additionally 
decorate loop by the comment"//perm' if they can be legally 
permuted in the optimized program. 

Another important loop transformation is loop skewing. It 
is common knowledge that loop permutability combined with 
loop skewing results in the production of parallelism. In the 
following permutable loops, the inner loop can be executed in 
parallel after loop skewing: 

int is a 100100), b100100); 
for (i = 0; i < 100; i++) { 

for (j = 0; j < 100; j++) { 
ai+1+1 = aij + ai+1; 

After loop skewing the code is the following and the inner 
loop j is marked for parallel execution: 

int is a 100100), b100100); 

The skewing transformation helps extract parallelism at the 
inner level when the loops are permutable. It is also common 
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knowledge that loop tiling and loop skewing can be combined 
to form parallel tiles that increase the amount of parallelism 
and decrease the frequency of synchronizations and commu 
nications in the program. 
The following code example illustrates contiguity of 

memory accesses. Given the following code: 

inti, k, a 100100: 
doall (i = 0; i < 100; i++) { 

doall (k = 0; k < 100; k++) { 
aki = 1; 

The memory accesses to the array a are performed in this 
order a 00, a 10, ... a 990, a01, ... a 991, ... 
a 0.99, . . . a 9999. If the storage mode of arrays in 
memory is row major, then Successive accesses are not con 
tiguous in memory and may result in very long latencies of 
aCCCSSCS. 

Transformations such as loop permutations and loop skew 
ing result in modified memory access order that can make 
accesses contiguous. For instance, interchanging loopi and k, 
assuming row major storage mode: 

inti, k, a 100100); 
doall (k = 0; k < 100; k++) { 

doall (i = 0; i < 100; i++) { 
aki = 1; 

The memory accesses are now a 001, a01. . . . a 0 
99, a 10, ... a 1991, ... a 990, ... a 9999 and the 
latencies of accesses are generally reduced. 
The problem of jointly optimizing parallelism and, locality 

and contiguity of loop references by means of loop fusion, 
parallelism, loop permutability, loop tiling and loop skewing 
is a non-trivial tradeoff. It is one of the further objects of this 
invention to jointly optimize this tradeoff. 

In certain situations, this combined tradeoff has no good 
Solutions because trying to enforce all contiguity constraints 
is unfeasible. Some provided embodiments therefore relax 
the constraints on contiguity and exploit the hierarchical 
structure of the memories and execution units by creating 
explicit copies of the data to a memory in which latency 
penalties arising from non-contiguity are less expensive or 
inexistent. As simple illustration, consider the case of a matrix 
multiplication code: 

int i,j,k, a 100100), b100100, c.100100); 
for (i = 0; i < 100; i++) { 

for (i = 0; i < 100; i++) { 
for (k= 0; k < 100; k++) { 
ci = ci + aikbk; 

All accesses to a, b and c cannot be made contiguous 
because the global problem is unfeasible. If k is chosen as the 
innermost loop, accesses to a are contiguous but not accesses 
to band c. If is chosen as the innermost loop, accesses to b 
and c are contiguous but not accesses to a. 

It is one of the further objects of this invention to create 
explicit memory locations and data transfers into a secondary 
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memory. One possible outcome after Such a copy has been ordering. This relationship can be rewritten as: aijaj.i{(i. 
inserted for array a and loops j, k have been permuted is the j, j, i)|1sj, isn-j+i-10 union aijaij-1 {(i,j+1), i. 
following: j)|1sjsn-1, 0<isn}. 

It is common practice to represent the dependence relations 
5 using a directed dependence graph whose nodes represent the 

int i,j,k, a 100100), b100100, c.100100); statements in the program and whose edges represent the 
shared int a 100100); for (i = 0; i < 100; i++) { dependence relations. In the previous example, the depen 

for (ij = 0; ij < 100; ji----) { dence graph has 1 node and 2 edges. It is common practice to 
for (kk = 0; kk < 100; kk++) { decompose the dependence graph in strongly connected com 

a likk = aikk; 10 ponents. Usually, strongly connected components represent 
loops whose semantics require them to be fused in the opti 

for (k= 0; k < 100; k++) { mized code. There are many possible cases however and one 
for (i = 0; i < 100; i++) { of the objects of this invention is also to perform the selective 

ci = ci + a likbk: tradeoff of which loops to fuse at which depth. It is common 
15 knowledge that a strongly connected component of a graph is 

a maximal set of nodes that can be reached from any node of 
the set when following the directed edges in the graph. 
Affine Fusion 

In other embodiments, the explicit copy from a into a 1 
may also change the data layout in a 1. It is a further object of 20 
this invention to modify the layout such that accesses to a 1 
are contiguous too during the computation. A permutability 

One embodiment incorporates fusion objectives into affine 
scheduling constraints. Affine fusion, as used herein means 
not just merging two adjacent loop bodies together into the 
same loop nests, but also include loop shifting, loop Scaling, 

of the ij and kk dimensions in the data layout makes the loop reversal, loop interchange and loop skewing transforma 
accesses to a 1 contiguous in the computation part of the tions. This corresponds to general affine scheduling functions 
program: 25 that orchestrate the order of operations in the optimized pro 

gram. In the C/B/y convention this means that we would like 
to have the ability to modify the linear part of the schedule, C. 

int i,j,k, a 100100), b100100, c.100100); instead of just B and Y. Previous fusion works are mostly 
shared int a 100100); 

for (i = 0; i < 100; i++) { concerned with adjusting the B component (fusion only) and 
for (ij = 0; ij < 100; ji----) { 30 sometimes both the B and Y components (fusion with loop 

for (kk 0; kk < 100 kk++) { shifting). One embodiment of the invention, produces a 
a Ikkij = aikk: scheduling function used to assign a partial execution order 

between the iterations of the operations of the optimized 
for (k= 0; k < 100; k++) { program and to produce the resulting optimized code respect 

for (i = 0; i < 100; i++) { 35 ing this partial order. 
ci = ci + a kbk; 

for (int i = 0; i <=N; i++) { 

40 
In other embodiments, the execution model for the target } . . . . 

hi hV of execution units and memories requires explicit for (intji=0; is M.jht) { - - 1erarcny o quires exp Bij = g(Ai1 +, Al, C-1 + i); 
copying of the data in a secondary memory. It is a further } . . . . 
object of the invention to comply with this requirement by fest - tis M:R. il, Ail1 + i): 
creating explicit copies of the data to the secondary memory. 45 i = h(Bi, Ai2+, Al1 + i); 
When considering high-level loop transformations, it is 

common practice to represent dependences in the form of 
affine relations. The first step is to assign to each statement in Fusion example 
the program an iteration space and an iteration vector. Con- As a simple motivational example demonstrating the 
sider the program composed of the 2 loops below: ' power of affine fusion, consider the example above. Depen 

dencies between the loop nests prevents the loops from being 
fused directly, unless loop shifting is used to peel extra itera 

for (i = 1; i <= n; i++) { tions oft' the first and second loops. The resulting transforma 
ai = a i-1 ++ ai; if statement S 55 tion is shown below. 

if (M >= 0) { 
for (int i = 0; i <= N; i++ The iteration domain of the statement S is D={i,j) in ... j 3. j Silk-a-1: j++) { 

Z21sis.n, 1sjsn}. The second step is to identify when two Ai2 + j = f(C-2 + i)3 +j): 
operations may be executed in parallel or when a producer 60 k (int j = 0: j <= M + -2; j++) { 
consumer relationship prevents parallelism. This is done by Ai th -- i. f(C-2+i f +); 
identifying the set of dependences in the program. In this Bij = g(Ai1 +, Al, C-1 + i); 
example, the set of dependences is: R={i,j), i", ji=i', Ci = h(Bi, Ai2+, Al1 + i); 
ji'-1, i,j in D, i'j in D, <S, i,j]><S, i', 'D} union 65 k (int j = max(0, M + -1): j <= M; j++) { 
{i,j), i'ji=j', ii', i,j in D, i'j" in D, <S,i,j]><S, Bij = g(Ai1 +, Al, C-1 + i); 
i", "D}, where < denoted multi-dimensional lexicographic 
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-continued 

Ci = h(Bil, Ai2+, Al1 + i); 

Result of fusion by shifting. 
On the other hand, affine fusion gives a Superior transfor 

mation, as shown above. In this transformation, the fusion 
preventing dependencies between the loop nests are broken 
with a loop reversal rather than loop shifting, and as a result, 
no prologue and epilogue code is required. Furthermore, the 
two resulting loop nests are permutable. Thus we can further 
apply tiling and extract one degree of parallelism out of the 
resulting loop nests. 

Bi-j = g(Ai1 - ), Ai - C-1 + i - ); 
Ci-j = h(Bi-ji, Ai2 -, Ai1 - ); 

Result of affine fusion. 
Many prior art algorithms cannot find this transformation if 

their restrictions are applied. Some of the restrictions prune 
out the solution space based on loop reversals, and thus these 
algorithms can only find the loop-shifting based solutions. 
Another important criteria is that fusion should not be too 
greedy, i.e., aggressive fusion that destroys parallelism 
should be avoided. On the other hand, fusion that can sub 
stantially improve locality may sometimes be preferred over 
an extra degree of parallelism, if we already have obtained 
sufficient degrees of parallelism to fill the hardware 
resources. For instance, consider the combined matrix mul 
tiply example. This transformation is aggressive, and it gives 
up an additional level of synchronization-free parallelism that 
may be important on Some highly parallel architectures. It is 
a further object of this invention to model the tradeoff 
between benefits of locality and parallelism for different 
hardware configurations. 

The code below shows the result of only applying non 
parallelism destroying fusion. The two inner i-loops are fis 
Sioned in this transformation, allowing a second level of syn 
chronization-free parallelism. 

Partially fusing two matrix multiplies. 
Affine Fusion Formulation 
The tension between fusion and scheduling implies that 

fusion and scheduling should be solved in a unified manner. 
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For any loop p, we compute a cost co, which measures the 
slowdown in execution if the loop is executed sequentially 
rather than in parallel. Similarly, for each pair of loop nests (p. 
q), we estimate upd the cost in performance if the two loops p 
and q remains unfused. The cost co, can be interpreted to be 
the difference between sequential and parallel execution 
times, and the cost upd can be interpreted as the savings due 
to cache or communication based locality. In one embodi 
ment, the cost co, is related to a difference in execution speed 
between sequential operations of the at least one loop on a 
single execution unit in the second computing apparatus and 
parallel operations of the at least one loop on more than one of 
the at least two execution units in the second computing 
apparatus. In another embodiment, the cost upd is related to a 
difference in execution speed between operations where the 
pair of loops are executed together on the second computing 
apparatus, and where the pair of loops are not executed 
together on the second computing apparatus. 

In an illustrative example, let the Boolean variable A 
denote whether the loop p is executed in sequence, and let the 
variable fpq denote whether the two loops p and q remain 
unfused, i.e. A 0 means that p is executed in parallel, and 
fpq 0 means that edge loops p and q have been fused. Then by 
minimizing the weighted Sum 

X Wp Ap + X upg.jpg 
p pg 

we can optimize the total execution cost pertaining to fusion 
and parallelism. In some embodiment, the variable A speci 
fies if the loop is executed in parallel in the optimized pro 
gram. In another embodiment, the variable f specifies if the 
pair of loops are executed together in the optimized program. 

In some embodiment, the value of the cost w is determined 
by a static evaluation of a model of the execution cost of the 
instructions in the loop. In another embodiment, the value of 
the cost w is determined through the cost of a dynamic 
execution on the second computing apparatus of at least a set 
of instructions representative of the code in the loop. In a 
further embodiment, the value of the cost w is determined by 
an iterative process consisting of at least one static evaluation 
of a model of the execution cost and at least one dynamic 
execution on the second computing apparatus of at least a set 
of instructions representative of the code in the loop. 

In some embodiment, the value of the cost u is deter 
mined by a static evaluation of a model of the execution cost 
of the instructions in the loop pair. In another embodiment, 
the value of the cost u is determined through the cost of a 
dynamic execution on the second computing apparatus of at 
least a set of instructions representative of the code in the loop 
pair. In a further embodiment, the value of the cost u is 
determined by an iterative process consisting of at least one 
static evaluation of a model of the execution cost and at least 
one dynamic execution on the second computingapparatus of 
at least a set of instructions representative of the code in the 
loop pair. 
The optimization can be formulated as follows. In one 

embodiment, we divide up the generalized dependence 
graph, GDG G=(V, E) into strongly connected components 
(SCCs) and consider each SCC to be a separate fusible “loop' 
candidate. Let G'=(V, E) denote the SCC induced subgraph 
where V denotes the SCCs and E' the edges between SCCs. 
Given a node V eV, let sec(v) denote the component in which 
V belongs to in the SCC decomposition. Given (p, q) E. E. let 
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the Boolean variables f, denote whether two SCCs has been 
fused, i.e., f=0 denotes that the loops corresponding top and 
q have been fused. 

f–0g) loops p and q are fused ag (6) 

There are multiple possible strategies to encode the restric 
tions implied by E'. In one embodiment, we directly encode 
the transitivity relation E' as constraints, i.e. (i) given edges 
(p,q) and (qr) and (p,q), if loops (p,q) or (q1") is not fused 
then (p.r) cannot be fused, and (ii) if (p, q) and (q, r) are fused 
then (p, q) must be fused: 

parror: (7) 

fog error 

One potential deficiency of this strategy is that up to 
O(IV" constraints are required. In the second embodiment 
we adopt, involves the encoding of the B schedule coordinates 
directly in the constraints. In this encoding, f, f, implies 
that loops p and q have been fused: 

fe: 0, VI-1} p eV." (9) 

Given the constraints on f, in place, we can now provide a 
suitable modification to the schedule constraints. The con 
straints are divided into two types, the first involves edges 
within the same SCC, and the second involves edges crossing 
different SCCS: 

Here, the term -N.f(y) is defined in such a way that 
-N.f(y)=0 when f-0, and is equal to a sufficiently large 
negative function when f. Thus, (P) (iy)-p-,(iy)>0 
only needs to hold only if the edge e has been fused or is a 
loop-carried edge. The final set of constraints is to enforce the 
restriction that 8,(y)–6(y) if (p, q) has been fused. The con 
straints encoding this are as follows: 

(12) 

(13) 

(14) 

(15) 

Some embodiments additionally specify that a schedule 
dimensionata given depth must be linearly independent from 
all schedule dimensions already computed. Such an embodi 
ment computes the linear algebraic kernel of the schedule 
dimensions found so far. In such an embodiment, for a given 
statement S, h denotes the linear part of cp S, the set of sched 
ule dimensions already found and J denotes a subspace lin 
early independent of h. A further embodiment derives a set of 
linear independence constraints that represent Jha.0 and does 

(17) 
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32 
not restrict the search to Jh-0. Such linear independence 
constraints may be used to ensure Successive schedule dimen 
sions are linearly independent. In particular, Such an embodi 
ment, that does not restrict the search to Jh-0, exhibits an 
optimization process that can reach any legal multidimen 
sional affine Scheduling of the received program including 
combinations of loop reversal. 

In some embodiments the set of conditions preserving 
semantics is the union of all the constraints of the form (p. 
(iy)-p, (i,y)=0. In another embodiment, the optimizing 
search space that encompasses all opportunities in parallel 
ism and locality is the conjunction of all the constraints (5)- 
(17). 

In further embodiments, the set of affine constraints (12) 
and (13) is linearized using the affine form of Farkas lemma 
and is based on at least one strongly connected component of 
the generalized dependence graph. 

In other embodiments, the constraints of the form (12) are 
used to enforce dimensions of schedules of loops belonging 
to the same strongly connected component are permutable. 

Infurther embodiments, the constraints of the form (13) are 
used to ensure that dimensions of schedules of loops that are 
not executed together in the optimized program do not influ 
ence each other. In Such embodiments, the constraints of the 
form (13) use a large enough constant to ensure that dimen 
sions of Schedules of loops that are not executed together in 
the optimized program do not influence each other. 

In some embodiments, the linear weighted Sum 

X wpAp + X upg.jpg 
p pg 

can be optimized directly with the use of an integer linear 
programming mathematical Solver Such as Cplex. In other 
embodiments, a non-linear optimization function Such as a 
convex function may be optimized with the use of a convex 
solver such as CSDP. Further embodiments may devise non 
continuous optimization functions that may be optimized 
with a parallel satisfiability solver. 
Boolean A Formulation 
The embodiments described so far depend on a term (or 

multiple terms) 8(y) which bounds the maximal dependence 
distance. Another embodiment may opt for the following 
simpler formulation. First, we assign each SCC p in the GDG 
a Boolean variable A, where A–0 means a dependence dis 
tance of Zero (i.e., parallel), and A-1 means some non-zero 
dependence distance: 

A ex0,1} peV 
Define the functions Ap(y) and Apq (y) as: 

(18) 

Then the affine fusion constraints can be rephrased as fol 
lows: 

(20) 
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(i,j) eR(y), 
p-scC(s(e)). 
q Scc(t(e)) 

if pizq 

Multi-Dimensional Affine Fusion 
Affine fusion formulation is a depth by depth optimization 

embodiment. A further embodiment described in FIGS. 19A, 
19B, 19C, 20A and 20B shows a method to derive scheduling 
functions for a given hardware parallelism and memory hier 
archy. A further embodiment described in FIG. 22 shows a 
method to derive scheduling functions for multiple levels of 
hardware parallelism and memory hierarchies, more specifi 
cally by formulating and optimizing at least one global 
weighted parametric function for each level of the parallelism 
and memory hierarchy of the second computing apparatus. In 
a further embodiment, it is a further object of the invention to 
build a single multi-dimensional affine fusion formulation as 
an alternative or as a Supplement to the depth-by-depth affine 
fusion formulation. The single multi-dimensional fusion for 
mulation relies on a single multi-dimensional convex affine 
space. More specifically, an embodiment of Such a single 
multi-dimensional convex affine space assigns variables and 
relations for loops, loops pairs and dependence edges e at 
each scheduling dimension k. 
The variables and their interpretations are: 
8, “(y)—the maximal dependence distance for edge e in 

dimension k. 
8'(y) the maximal dependence distance for the loop in 
which statement a resides, in dimension k. If L is a loop 
(SCC) in dimension k then for all statements a, b, el, 
8,(y)=ö,“(y). 

f the strongly connected component index (loop num 
ber) in which statement a appears. 

(p,f(i)—schedule of statement a in dimension k. 
e—equal to 1 if the schedule at dimension k strictly 

satisfy e, i.e., (p...“(iy)-p-' (iy)eleeE. 
p' a Boolean variable, 0 only ife.''-e-1. 
p, a Boolean variable, 0 only if the schedules in dimen 

sions k-1 and k are permutable in the loop in which a 
resides. Ifa and b belongs to the same loop in dimension 
k, then pp.'. 

o(y) > d(i, y) - die (j, y) > e. -N-(2, s: (27) 
&k 

(i, j) e Re(y) 

e e {0, 1} (28) 
e e E 

e e {0} (29) 
e e E 

The following constraints ensure that p-0 only if e=1 
and e-1: 

(31) 
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34 
The next constraints encode the B component of the sched 
ules. 

Be {0, IVI-1} (32) 
f 

fe - Bio 2 -N-(2. e r e E (33) 

The next set of constraints ensures that all 8, (y) terms are the 
same for all nodes a which belong to the same loop nest: 

Similarly, the next set of constraints ensure that all p are 
identical for all nodes a which belong in the same loop nest. 

pse-p'sN.co (Be- B.ce) eeB (40) 

p-po's.N...(B.co- B.ce) eeB (41) 

pse-po's.N....(B.co- f,c) eeB (42) 

pe-paces.N...(B.co- B(e) eeB (43) 

In some embodiment, the strong satisfaction variable 
E_{k,e} assigned to each schedule dimensionk and each edge 
e of the at least one strongly connected component is e. 
which is equal to 1 when the schedule difference at dimension 
k Strictly satisfies edge e (i.e. when (p...“(iy)-po"(i. y)21, 
eeE), 0 otherwise. In other embodiments, the loop permut 
ability Boolean variable p_{k,e} assigned to each schedule 
dimension and each edge e of the at least one strongly con 
nected component is p". 

In a further embodiment the statement permutability Bool 
ean variable p_{k.a} assigned to each schedule dimension 
and each statement a of the at least one strongly connected 
component is p?. In another embodiment, constraints of the 
form (27), (28) and (29) are added to ensure dimensions of 
schedules of Statements linked by a dependence edge in the 
generalized dependence graph do not influence each other at 
depth k if the dependence has been strongly satisfied up to 
depth k-1. In a further embodiment, constraints of the form 
(30) and (31) are added to link the strong satisfiability vari 
ables to the corresponding loop permutability Boolean vari 
ables. In another embodiment, constraints of the form (34) to 
(43) are added to ensure statement permutability Boolean 
variables are equal for all the statements in the same loop nest 
in the optimized program. In a further embodiment, the con 
junction of the previous constraints forms a single multi 
dimensional convex affine search space of all legal multi 
dimensional schedules that can be traversed exhaustively or 
using a speeding heuristic to search for schedules to optimize 
any global cost function. 
One example of an embodiment tailored for successive 

parallelism and locality optimizations is provided for an 
architecture with coarse grained parallel processors, each of 
them featuring fine grained parallel execution units such as 
SIMD vectors. One such architecture is the Intel Pentium E 
5300. The following example illustrates how an embodiment 
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of the invention computes schedules used to devise multi 
level tiling hyperplanes and how a further embodiment of the 
invention may compute different schedules for different lev 
els of the parallelism and memory hierarchy of the second 
computing apparatus. Consider the following code represent 
ing a 3-dimensional Jacobiiteration stencil. In a first loop, the 
array elements Aijk are computed by a weighted Sum of 
the 7 elements, Bijk, Bi-1jk, Bi-1jk, Bij 
1k, Bij+1k, Bijk-1 and Bijk--1. In a sym 
metrical second loop, the array elements Bijk are com 
puted by a weighted sum of 7 elements of A. The computation 
is iterated Titer times. 

10 

15 

36 

for (i-0; i-floorDiv(Titer -1, 16); i++) { /* perm/ 
for (j=2*i; j<=min(2*i+17, floorDiv(Titer+126, 8)): j++) { /* perm'? 

for (k=max(2*i,j-16); k <= min(floorDiv (Titer+126, 8), j+16, 
2*i+17); k++) { /* perm'? 

for (1=max(16*i, 8*k-127, 8–127): 1-min(Titer-1, 8*k+7, 
16*i--15, 8* +7): 1++) 

{ 
/* perm'? 
for (m.....) /* perm */ 

for (n.....) /* perm */ 
for (o.....) /* perm */ 

if (condition1) { 
SO(m,n.o) 

if (condition2) { 
S1(m,n.o); }}}}}}}}} 

Without further optimization, the loops are fused on all loops 
i,j,k,lm,nando. The program does not take advantage of fine 
grained parallelism on each processor along the loops m, in 
ando. Embodiments allow the optimization of another selec 
tive tradeoff to express maximal innermost parallelism at the 
expense of fusion. The selective tradeoff gives a much more 
important cost to parallelism than locality and embodiments 
may finds a different schedule for the intra-tile loops that 
result in a program that may display the following pattern. 

perm */ 

}}}} 

doall (n = max(0, 16 *k-2 * l); n <= min(16 *k-2 * 1 + 15, 253); n++) { 

SO(1 + m, 1 + n, 1 + o); 

When computing a schedule for the first level of parallel 
ism (the multiple cores) embodiments may produce the fol 
lowing optimized code in which permutable loops are marked 
as such. 

In this form, the loops have been fused at the innermost level 
on loop 1 and the locality is optimized. Loop tiling by tiling 
factors (16, 8, 8, 1) may be applied to further improve locality 
and the program would have the following form, where the 
inner loops m, n, o are permutable. 

}}}}}}} 
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The innermost doall dimensions may further be exploited 
to produce vector like instructions while the outermost per 
mutable loops may be skewed to produce multiple dimen 
sions of coarse grained parallelism. 

In a further embodiment, the schedules that produce the 
innermost doall dimensions may be further used to produce 
another level of multi-level tiling hyperplanes. The resulting 
code may have the following structure: 

doall (p...) { 
doall (q...) { 
doall (r...) { 
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-continued 

}}}}}}} 
doall (m ...) { 
doall (n...) { 
doall (O...) { 
doall (p...) { 

doall (q...) { 
doall (r...) { 

}}}}}}}}}} 

In the following example, dependencies between the loop 
nests prevent the loops from being fused directly, unless loop 
shifting is used to peel extra iterations off the first and second 
loops. The resulting transformation is illustrated in the code 
below. 

for (int j = max(O, M+ -1); j <= M: j++) { 
Bij = g(Ai1 +, Al, C-1 + i); 

}}} Ci = h(Bij, Ai2+, Al1 + i); 

On the other hand, affine fusion (i.e., fusion combined with 
other affine transformations) gives a Superior transformation, 
as shown below. In this transformation, the fusion-preventing 
dependencies between the loop nests are broken with a loop 
reversal rather than loop shifting, and as a result, no prologue 
or epilogue code is required. Furthermore, the two resulting 
loop nests are permutable. In some embodiments, tiling and 
extraction of one degree of parallelism out of the resulting 
loop nests is performed. 

if (M >= 0) { 
for (int i = 0; i <=N; i++) { II permutable 

for (int j = - M: j <= 0; j++) { II permutable 
Ai-j f(C-2 + i 1 -j); 
Bi-g(Ai1 - Ai-ii, C-1 + i-); 

}}} Cih (Bi-Ai 2, Ai 1 - ); 

In some embodiments loop fusion is limited to not be too 
greedy, i.e., aggressive fusion that destroys parallelism 
should be avoided. On the other hand, fusion that can sub 
stantially improve locality may sometimes be preferred over 
an extra degree of parallelism, if we already have; obtained 
sufficient degrees of parallelism to exploit the hardware 
resources. For example, given the following code: 

for (int i = 0; i <= -1 + n; i++) { 
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-continued 

for (int j = 0: j <= -1 + n, j++) { 
for (int k 0; k <= -1 + n, k++) { 

}}} Dij = Dij + Ck) * Eij; 

If fusion is applied too aggressively, it gives up an addi 
tional level of synchronization-free parallelism. 

Ci i = C(i) + Ajk * Bki 

doall (int k = 0; k <= n + -1; k++) { 
}}} Dk i = Dki + Ci Eki; 

The below code illustrates the result of only applying 
fusion that does not destroy parallelism. The two inner-loops 
are fissioned in this transformation, exposing a second level 
of synchronization-free parallelism. 

doall (int i = 0; i <= n + -1; i++) { 
doall (int = 0: <= n + -1;++) 

Ci i = 0; 
for (int k 0; k <= n + -1; k++) { 

}} Ci i = C(i) + Ajk * B.ki: 

doall (int j = 0: j <= n + -1; j++) { 
for (int k (); k <= n + -1; k++) { 

}}} Dji= Di + Ck i* Eji: 

The above illustrates that this tension between fusion and 
scheduling implies that fusion and scheduling should be 
solved in a unified manner. Turning now to FIG. 13 where the 
flow of provided method 1100 of source code optimization is 
illustrated. Flow begins in block 1110 where source code is 
received in memory 1050 on a custom first computing appa 
ratus 1010(a). Flow continues to block1120 where a selective 
tradeoff of parallelism and locality is created for execution of 
the code on the second computing apparatus 1010(b). Flow 
then continues to block 1130 where a scheduling function is 
produced which optimizes the selective tradeoff. Flow then 
continues to block 1140 where the scheduling function is 
used to assign a partial order to the statements of the Source 
code and an optimized program is produced for execution on 
the second computing apparatus 1010(b). In one embodi 
ment, the received program code contains at least one arbi 
trary loop nest. As previously discussed the custom first com 
puting apparatus 1010(a) contains memory 1050, a storage 
medium 1060 and at least one processor with a multi-stage 
execution unit. 
A provided method 1150 for source code optimization is 

illustrated in FIG. 14. In this embodiment, flow begins in 
block 1110 where source code is received in memory 1050 on 
a custom first computing apparatus 1010(a). Flow continues 
to block 1120 where the code is optimized in terms of both 
locality and parallelism for execution on a second computing 
apparatus 1010(b). In this embodiment, the optimization 
block 1120 additionally includes additional functional 
blocks. Within block1120 flow begins with block 1160 where 
an unassigned loop is identified. Flow then continues on two 
paths. In a first path flow continues to block 1180 where a first 
cost function is assigned in block 1180. This first cost func 
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tion is related to a difference in execution speed between 
parallel and sequential operations of the Statements within the 
loop on second computing apparatus 1010(b). Flow then con 
tinues to block 1210 where a decision variable is assigned to 
the loop under consideration, this decision variable indicating 
whether the loop is to be executed in parallel in the optimized 
program. In some embodiments the cost is determined 
through static evaluation of a model of the execution cost of 
the instructions in the loop under consideration. In other 
embodiments, the cost is determined through a dynamic 
execution on the second computing apparatus of at least a set 
of instructions representative of the code in the loop under 
consideration. In a further embodiment, the cost is deter 
mined by an iterative refining process consisting of at least 
one static evaluation of a model of the execution cost and at 
least one dynamic execution on the second computing appa 
ratus of at least a set of instructions representative of the code 
in the loop under consideration. Flow then continues to deci 
sion block 1220 where it is determined if there are additional 
unassigned loops. 
As used herein, “executed together means fused in the 

sense of the code examples (0032)-(0037). Specifically 
executed together means that loops that are consecutive in the 
original program become interleaved in the optimized pro 
gram. In particular, loops that are not "executed together” in 
the sense of loop fusion can be executed together on the same 
processor in the more general sense. In the second optimiza 
tion path illustrated in FIG. 14 flow continues from block 160 
to block 1170 where an unassigned loop pair is identified. 
Flow then continues to block 1175 where a second cost func 
tion is assigned for locality optimization. This second cost 
function is related to a difference in execution speed between 
operations where the loops in the pair of loops are executed 
together on the second computing apparatus, and where the 
loops in the pair of loops are not executed together on the 
second computing apparatus. Flow then continues to block 
1190 where a decision variable is assigned for locality. This 
second decision variable specifying if the loops in the loop 
pair under consideration are to be executed together in the 
optimized program. In one embodiment, the second cost is 
determined through static evaluation of a model of the execu 
tion cost of the instructions in the at least one loop pair. 

In another embodiment, the second cost is determined 
through of a dynamic execution on the second computing 
apparatus of at least a set of instructions representative of the 
code in the at least one loop pair. In a further embodiment, the 
cost is determined through an iterative refining process con 
sisting of at least one static evaluation of a model of the 
execution cost and at least one dynamic execution on the 
second computing apparatus of at least a set of instructions 
representative of the code in the at least one loop pair. Flow 
then continues to decision block 1200 where it is determined 
if additional unassigned loop pairs exist. If additional unas 
signed loop pairs exist, flow continues back to block 1170 and 
the process iterates until no additional unassigned loop pairs 
are found. When decision block 1200 determines no addi 
tional loop pairs are present, flow continues to decision block 
1220. If indecision block 1220 it is determined that additional 
unassigned loops exist, flow continues back to block 1160 and 
the process iterates until no additional unassigned loops may 
be identified. Flow then continues to block 1230 where a 
selective tradeoff is created for locality and parallelism dur 
ing the execution on second computing apparatus 1010(b). 
Flow then continues to block 1130 where a scheduling func 
tion is produced that optimizes the selective tradeoff. Flow 
then continues to block 1140 where optimized code is pro 
duced. 
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The flow of a further provided embodiment of a method 

1240 for source code optimization is illustrated in FIG. 15. In 
this embodiment, flow begins in block 1110 where source 
code is received in memory 1050 on a custom first computing 
apparatus 10(a). Flow continues to block 1120 where the 
code is optimized in terms of both locality and parallelism for 
execution on a second computing apparatus 1010(b). Flow 
then continues to block 1130 where a scheduling function is 
produced that optimizes the tradeoff. In this embodiment, the 
scheduling function block 1130 additionally includes addi 
tional functional blocks. Within block 1130 flow continues to 
block 1250 where the conditions for semantic correctness of 
the program are determined. Flow then continues to block 
1260 where a search space is derived that meet the conditions 
for semantic correctness. In one embodiment, the search 
space characterizes all parallelism and locality opportunities 
that meet the conditions of semantic correctness. Flow then 
continues to block 1270 where the selective trade off is opti 
mized. Flow then continues to block 1280 where the sched 
uling function is derived from the optimized tradeoff. Flow 
then continues to block 1140 where optimized code is pro 
duced. 
The flow of a further provided method is illustrated in FIG. 

16. This embodiment illustrates alternate embodiments of the 
flow within blocks 1130 and 1270 in previous embodiments. 
As illustrated, flow begins in block 1250 where the conditions 
for semantic correctness of the program are determined. Flow 
then continues to block 1260 where a search space is derived 
that meet the conditions for semantic correctness. In one 
embodiment, the search space characterizes all parallelism 
and locality opportunities that meet the conditions of seman 
tic correctness. Like previous embodiments, flow then con 
tinues to block 1270 where the selective trade off is opti 
mized. In these embodiments, block 1270 includes additional 
functionality. Block 1270 as illustrated contains three inde 
pendent optimization paths that may be present in any given 
embodiment. In the first embodiment, flow begins at block 
1300(a) where an element is selected from the search space. 
Flow then continues to block 1310(a) where a potential 
scheduling function is derived for the element. Flow then 
continues to block 1320(a) where the performance of the 
potential scheduling function is evaluated. Flow then contin 
ues to decision block 1330(a) where it is determined if addi 
tional elements exist in the search space. If additional ele 
ments exist, flow continues back to block 300(a). When no 
additional elements exist in the search space, flow then con 
tinues to block 1370 where the element with the best evalu 
ated performance is selected. 

In the second illustrated embodiment, flow continues from 
block 1260 to block 1300(b) where an element is selected 
from the search space. Flow continues to block 1310(b) 
where a potential scheduling function is derived for the ele 
ment. Flow then continues to block 1320(b) where the per 
formance of the potential scheduling function is evaluated. 
Flow then continues to block 1340 where the search space is 
refined using the performance of evaluated schedules. Flow 
then continues to decision block 1330(b) where it is deter 
mined if additional elements exist in the search space. If 
additional elements are present flow continues back to block 
1330 and the process iterated until no other elements exist in 
the search space. When no additional elements exist, in the 
search space, flow then continues to block 1370 where the 
element with the best evaluated performance is selected. 

In the third illustrated embodiment, flow continues from 
block 1260 to block 1350 where the tradeoff is directly opti 
mized in the search space with a mathematical problem 
solver. Flow then continues to block 1360 where an element 
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is selected that is a result of the direct optimization. Flow then 
continues to block 1320(c) there the performance of the 
selected element is evaluated. Flow then continues to block 
1370 where the element with the best evaluated performance 
is selected. As illustrated some embodiments may utilize 
more than one of these paths in arriving at an optimal solution. 
From Selection block 1370 flow then continues to block 1280 
where the scheduling function is derived from the optimized 
tradeoff. Flow then continues to block 1140 where optimized 
code is produced. 
The flow of a further provided embodiment of a method 

1380 for optimization of source code on a first custom com 
puting apparatus 1010(a) for execution on a second comput 
ingapparatus 1010(b) is illustrated in FIG. 17. In this embodi 
ment, flow begins in block 1110 where source code is 
received in memory 1050 on a custom first computing appa 
ratus 1010(a). Flow continues to block 1400 where the source 
code is optimized in terms of both locality and parallelism for 
execution on a second computing apparatus 1010(b). In this 
embodiment, block 1400 contains additional functional 
blocks. Flow continues from block 1110 to block 1250 where 
the conditions for semantic correctness are determined from 
the received code. Flow then continues to block 1390 where 
these conditions are represented as a generalized dependence 
graph. Flow then continues to two paths. 
On a first path, flow continues to block 1260 where a search 

space is derived that meet the conditions for semantic cor 
rectness. In this embodiment, the search space characterizes 
all parallelism and locality opportunities that meet the con 
ditions of semantic correctness. Flow then continues to block 
1410 where a weighted parametric tradeoff is derived and 
optimized on the elements of the search space. On the second 
path, flow begins with block 1160 where an unassigned loop 
is identified. Flow then continues on two additional paths. In 
a first path flow continues to block 1180 where a first cost 
function is assigned in block 1180. This first cost function is 
related to a difference in execution speed between parallel 
and sequential operations of the statements within the uni 
dentified loop on second computing apparatus 1010(b). Flow 
then continues to block 1210 where a decision variable is 
assigned to the loop under consideration, this decision vari 
able indicating whether the loop is to be executed in parallel 
in the optimized program. In some embodiments the cost is 
determined through static evaluation of a model of the execu 
tion cost of the instructions in the loop under consideration. In 
other embodiments, the cost is determined through a dynamic 
execution on the second computing apparatus of at least a set 
of instructions representative of the code in the loop under 
consideration. In a further embodiment, the cost is deter 
mined by an iterative refining process consisting of at least 
one static evaluation of a model of the execution cost and at 
least one dynamic execution on the second computing appa 
ratus of at least a set of instructions representative of the code 
in the loop under consideration. Flow then continues to deci 
sion block 1220 where it is determined if there are additional 
unassigned loops. 

Returning to block 1160 where an unassigned loop is iden 
tified. On the second path flow continues to block 1170 where 
an unassigned loop pair is identified. Flow then continues to 
block 1175 where a second cost function is assigned for 
locality optimization. This second cost function is related to a 
difference in execution speed between operations where the 
loops of the pair of loops are executed together on the second 
computing apparatus, and where the loops of the pair of loops 
are not executed together on the second computing apparatus. 
Flow then continues to block 1190 where a decision variable 
is assigned for locality. This second decision variable speci 
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42 
fying if the loops of the loop pair under consideration is to be 
executed together in the optimized program. In one embodi 
ment, the second cost is determined through static evaluation 
of a model of the execution cost of the instructions in the at 
least one loop pair. In another embodiment, the second cost is 
determined through of a dynamic execution on the second 
computing apparatus of at least a set of instructions represen 
tative of the code in the at least one loop pair. In a further 
embodiment, the cost is determined through an iterative refin 
ing process consisting of at least one static evaluation of a 
model of the execution cost and at least one dynamic execu 
tion on the second computing apparatus of at least a set of 
instructions representative of the code in the at least one loop 
pair. Flow then continues to decision block 1200 where it is 
determined if additional unassigned loop pairs exist. If addi 
tional unassigned loop pairs exist, flow continues back to 
block 1170 and the process iterates until no additional unas 
signed loop pairs are found. When decision block 1200 deter 
mines no additional loop pairs are present, flow continues to 
decision block 1220. If in decision block 1220 it is deter 
mined that additional unassigned loops exist, flow continues 
back to block 1160 and the process iterates until no additional 
unassigned loops may be identified. Flow then continues to 
block 1230 where a selective trade-off is created for locality 
and parallelism during the execution on second computing 
apparatus 1010(b). 

In this embodiment, flow then continues to block 1410 
where as discussed, a weighted parametric tradeoff is derived 
and optimized on the elements of the search space. Flow then 
continues to block 1420 where a multi-dimensional piece 
wise affine scheduling function is derived that optimizes the 
code for execution on second computing apparatus 1010(b). 
Flow then continues to block 1140 where the optimized pro 
gram is produced. 
The operational flow of a further provided method 1430 for 

source code optimization is illustrated in FIG. 18. In this 
embodiment, flow begins in block 1110 where source code is 
received in memory 1050 on a custom first computing appa 
ratus 1010(a). Flow continues to block 1480 where the a level 
of parallelism and memory hierarchy in the second comput 
ingapparatus are selected. Flow then continues to block 1490 
where a selective tradeoff for parallelism and locality for 
execution of that level of hierarchy is created. Flow then 
continues to block 1440 where a piecewise affine multi-di 
mensional scheduling function is derived that optimizes the 
specific tradeoff. Flow then continues to block 1450 where 
tiling hyper-planes are produced based on the scheduling 
function. Flow then continues to decision block 1460 where it 
is determined if additional levels of parallelism and memory 
hierarchy exist on second computing apparatus 1010(b). If 
additional levels exist, flow continues back to block 1480 and 
the process iterates until it is determined that no additional 
levels exist. Flow then continues to block 1470 where the 
scheduling functions and tiling hyper-planes are used to 
assign a partial order to the statements of the source code and 
an optimized program is produced. In some embodiments, a 
global weighted parametric function is used to optimize each 
level of parallelism and hierarchy on second computing appa 
ratus 1010(b). 
The operational flow of a further provided method 1500 for 

source code optimization is illustrated in FIGS. 19A-C. In 
this embodiment, flow begins in block 1110 where source 
code is received in memory 1050 on a custom first computing 
apparatus 1010(a). Flow continues to block 1250 where the 
conditions for semantic correctness are determined for the 
program. Flow then continues to block 1390 where these 
conditions are represented as a generalized dependence 
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graph. Alternatively as indicated in block 1510 schedule 
dimensions may have been found through the methods dis 
closed in other embodiments. Flow continues to block 1520 
where the generalized dependence graph is decomposed into 
at least one strongly connected component. Flow then con 
tinues to block 1530 where a strongly connected component 
is selected. Flow then continues to a number of independent 
paths. 

In the first path, flow continues to block 1540 where a set of 
affine constraints are derived using the affine form of Farkas 
lemma. On the second path, flow continues to block 1550 
where linearindependence constraints are derived and used to 
ensure the Successive scheduling dimensions are linearly 
independent. In some embodiment, these linear indepen 
dence constraints are derived using orthogonally independent 
Subspaces. In another embodiment, these constraints are 
formed using a Hermite Normal form decomposition. In the 
third path, flow continues to block 1560 where a set of sched 
ule difference constraints are derived and used to enforce 
dimensions of schedules of loops belonging to the same 
strongly connected component are permutable. In the last 
path, a set of loop independence constraints are derived and 
used to ensure that dimensions of schedules of loops that are 
not executed together do not influence each other. In one 
embodiment, this set of constraints includes a large enough 
constraint to cancel an effect of constraints on Statements that 
are not executed together in the optimized program. 

Flow then continues to block 1580 where these derived 
constraints are added to the search space. Flow then continues 
to decision block 1590 where it is determined if there are 
additional strongly connected components. If there are addi 
tional strongly connected components, flow continues back to 
block 1530 and the process iterates until there are no further 
strongly connected components. Flow then continues to 
block 1260 where a search space is derived that characterizes 
all parallelism and locality opportunities that meet the con 
ditions of semantic correctness. Flow then proceeds to block 
1600 where a weighted parametric tradeoff is optimized on 
the elements of the search space. Flow continues to block 
1420 where a multi-dimensional piecewise affine scheduling 
function is derived from the optimization and to block 1140 
where this function is used to create an optimized program for 
execution on second computing apparatus 1010(b). In one 
embodiment, the optimization can reach any legal dimen 
sional affine Scheduling of the received program. In another 
embodiment, the legal multi-dimensional affine scheduling 
of the received program includes loop reversals. 
The operational flow of a further provided method 1610 for 

source code optimization is illustrated in FIGS. 20A and 20B. 
As with other embodiments, this embodiment may be used in 
conjunction with other provided methods. In this embodi 
ment, flow begins in block 1110 where source code is 
received in memory 1050 on a custom first computing appa 
ratus 1010(a). Flow continues to block 1780 which contains 
additional functionality. Flow continues to block 1250 where 
the conditions for semantic correctness are determined for the 
program. Flow then continues to block 1390 where these 
conditions are represented as a generalized dependence 
graph. Flow then continues to decision block 1620 where it is 
determined if there are additional dimensions to schedule. If 
there are no additional dimensions, flow continues to block 
1760 where a scheduling function is derived and to block 
1140 where an optimized program is produced for second 
computing apparatus 1010(b). 

Ifat decision block 1620 determines that there are addi 
tional scheduling dimensions, flow continues to block 1630 
where the generalized dependence graph is decomposed into 
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at least one strongly connected component. Flow continues to 
block 1640 where a strongly connected component is 
selected. Flow then continues to block 1650 where affine 
constraints are derived using the affine form of Farkas lemma, 
linear independence constraints permutability constraints, 
and independence constraints are derived as previously dis 
cussed. Flow then continues to block 1660 where these con 
straints are added to the search space. Flow then continues to 
decision block 1670 where it is determined if additional 
strongly connected components exits. If others exist, flow 
continues back to 1640 and the process iterates until there are 
no remaining strongly connected components. 
When decision block 1670 indicates that there are no 

remaining strongly connected components, flow continues to 
block 1730 where a weighted parametric tradeoff function is 
optimized on the search space. Flow then continues to deci 
sion block 1690 where it is determined if new independent 
permutable schedule dimensions exist. If they exist flow con 
tinues to block 1700 where an existing scheduling dimension 
is selected. Flow continues to block 1720 where additional 
constraints are added to the search space for independence 
and linear independence. From block 1720 flow continues to 
block 1730 where a weighted parametric tradeoff function is 
optimized on the search space. Flow then continues back to 
decision block 1690 and this part of the process iterates until 
no new independent permutable schedule dimensions are 
found. Flow then continues to block 1740 where satisfied 
edges are removed from the dependence graph and to block 
1750 where the remaining edges and nodes are partitioned 
into Smaller dependence graphs. Flow then continues back to 
block 1390 and the process is iterated on these smaller depen 
dence graphs until decision block 1620 determines there are 
no additional dimensions to schedule. 
The flow of a further provided embodiment of a method 

1760 for optimization of source code on a first custom com 
puting apparatus 1010(a) for execution on a second comput 
ing apparatus 1010(b) is illustrated in FIGS. 21A-D. In this 
embodiment, flow begins in block 1110 where source code is 
received in memory 1050 on a custom first computing appa 
ratus 1010(a). On a first path flow continues to block 1120 
where a selective tradeoff of parallelism and locality for 
execution of the program on second computing apparatus 
1010(b) is created. Flow continues to block 1250 where the 
conditions for semantic correctness are determined. Flow 
continues to block 1770 where a single multi-dimensional 
convex space of all legal schedules is derived. Additional 
information on block 1770 is provided in FIGS. 21C and 21D. 
Like Some previous embodiments, flow then continues on 
alternate three paths. On the first path flow continues to block 
1790(a) where a element from the search space is selected. 
Flow then continues to block 1800(a) where a scheduling 
function is derived for the selected element. Flow then con 
tinues to block 1810(a) where the scheduling function is 
evaluated for its performance on the optimized program. 
Flow continues to decision block 1820(a). If it is determined 
that there are additional elements in the search space, flow 
continues back to block 1790(a) where another element is 
selected. The process iterates until no additional elements 
remain in the search space. 
On the second path flow continues to block 1790(b) where 

an element of the search space is selected. Flow then contin 
ues to block 1800(b) where a scheduling function is derived 
for the selected element. Flow then continues to block 1810 
(b) where the performance of the scheduling function is 
evaluated. Flow then continues to block 1830 where the 
search space is refined using the performance of evaluated 
schedules. Flow then continues to decision block 1820(b). If 



US 8,930,926 B2 
45 

there are additional elements remaining in the search space 
flow continues back to block 1790(b) and another element is 
selected from the search space. The process iterates until 
there are no remaining elements in the search space. 
On the third path flow continues to block 1840 where the 

selective tradeoff is directly optimized using a mathematical 
solver. Flow then continues to block 1850 where an element 
is selected from the search space that is a solution to the 
optimization. Flow then continues to block 1860 where the 
performance of the selected element is evaluated. Flow then 
continues to block 1870 which selects the element with the 
best evaluated performance for all of its inputs. Flow then 
continues to block 1880 which produces a scheduling func 
tion from the selective tradeoff and the selected element. 
Flow then continues to block 1890 where the scheduling 
function is used to assign a partial order to the statements of 
the source code and an optimized program is produced. 
An exemplary embodiment of block 1770 is illustrated in 

FIGS. 21C and 21D. In this embodiment, flow from block 
1250 continues to block 1390 where the conditions for 
semantic correctness are represented as a generalized depen 
dence graph. Flow continues on two parallel paths. On the 
first path an edge E is selected from the dependence graph in 
block 1900. Flow then continues to block 1910 where a strong 
satisfaction variable is assigned to edge E at dimension K. 
Block 1910 receives the current dimension K from block 
2010. Flow then continues to block 1930 where multi-dimen 
sional constraints are derived to ensure independence of the 
nodes linked by edge E if scheduling is satisfied before 
dimension K. Flow then continues to decision block 1940. If 
there are additional edges in the dependence graph flow con 
tinues back to block 1900 where another edge is selected and 
the process iterates until no additional edges exist. 
On the second path, flow continues from block 1390 to 

block 1970 where a node N is selected. Flow continues to 
block 1980 where a statement permutability variable is 
assigned to node N at dimension K. Block 1980 receives 
dimension K from block 2010. Flow continues to decision 
block 1990. If there are remaining nodes in the dependence 
graph flow continues back to block 1970 where another node 
N is selected. The process iterates until no additional nodes 
exist in the graph. Block 1950 receives input from blocks 
1920 and 1980 and assigns constraints to link edge permut 
ability variable and statement permutability variable at 
dimension K. Flow then continues to block 1960 where con 
straints to equate statement permutability variables for Source 
and sink of edge E at dimension K are assigned. Flow then 
continues to decision block 2000. If additional scheduling 
dimensions exist, flow continues back to block 2010 the next 
scheduling dimension is selected and the entire process 
repeated for all dimensions. When all dimensions have been 
scheduled, flow continues to block 2020 where a single multi 
dimensional convex affine space is constructed from all of the 
legal schedules. 
The flow of another provided method 2070 for program 

code optimization is illustrated in FIG. 22. In this method, 
flow begins in block 1110 where program source code is 
received in memory 1050 on a custom first computing appa 
ratus 1010(a). Flow continues to block 2080 where a level of 
parallelism and memory hierarchy is selected from the sec 
ond computing apparatus 1010(b). Flow then continues to 
block 1780 which is illustrated in FIG. 20 and discussed in 
detail above. Flow then continues to decision block 2020. If 
the performance of the scheduling function is not satisfactory 
for the current level, flow continues to block 2030 where a 
partial evaluation of the code produced for the current level of 
parallelism and memory hierarchy is performed and used to 
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iteratively refine the schedule. Flow continues back to block 
1780 a iterates until the performance of the schedule is satis 
factory for the level. Flow then continues to block 2040 where 
tiling hyper-planes are produced based on the scheduling 
function. Flow then continues to decision block 2050. If there 
are additional levels of parallelism and memory hierarchy 
flow continues back to block 2080 and the process iterates. 
Once no additional levels exist, flow continues to block 2060 
where the scheduling functions and tiling hyper-planes are 
used to assign a partial order to the statements of the Source 
code and an optimized program is produced. 
Contiguity Constraints 

In further embodiments, a selective tradeoff of the cost of 
parallelism, locality and contiguity of memory references is 
provided. In one embodiment, a memory reference to anarray 
A in the program is denoted by F. When a statement access 
ing the reference F has d enclosing loops and the array ref 
erenced by F has r dimensions, f is an (r)x(d)-matrix with 
r rows and d columns. In the most general formulation, we 
express contiguity along any dimension of access to array A. 
Let 0<=k<r denote this dimension. In this formulation any 
memory reference accessing array A is optimized for conti 
guity along dimension k of the array. We denote by F, the 
(r-1)xd submatrix composed of the (r-1) rows of F exclud 
ing row k. In the C/B/y convention, we denote by C.S the 
(d-1)xd submatrix composed of the (d-1) first rows of C. For 
a reference to be considered for contiguity optimization, it 
must satisfy rank (F)<rank( ). If it is not the case, such a 
reference is always marked as non-contiguous along dimen 
sion k in the optimization problem (by enforcing a corre 
sponding Boolean decision variable is set to 1). To ensure 
contiguity of a reference along dimension k, we encode the 
following additional constraint into the affine fusion formu 
lation: im(F) C im (CS). In some embodiments, we encode 
a set of Scheduling, fusion and contiguity constraints as fol 
lows. For each loop p in the program, we introduce an addi 
tional Boolean variable p, e {0,1} for each reference r in the 
program. The main objective function is generalized into: 

miny wrap + X upafra + X Srfor 
r p pg 

where s, are additional costs, one per memory reference and 
are architecture- and problem-specific weights. In this global 
formulation, w is the relative benefit of executing loop p in 
parallel, u is the relative benefit of fusing loops p and q, and 
S, is the relative benefit of accessing reference r with contigu 
ous memory accesses. In further embodiments, we also mini 
mize the magnitude of the coefficients of 8 and p in the 
secondary objectives. The variables pare related to the rest of 
the constraints as follows. Leta denote the coefficients in the 
linear part of p(i,y). Let F, denote the linear part of the 
access function in reference r. Let R. denote the column basis 
vectors such that im(R)-im((F)s). We enforce the follow 
ing constraints: 

p, e{0,1}, re all refs (26) 

a-R, +N pe0, re all refs, v contains r (27) 

-a+R,+Nepe0, re all refs, v contains r (28) 

where ware new variables introduced for each reference r. 
These a variables are otherwise left unconstrained. 
A further embodiment of a provided method 3000 is illus 

trated in FIG. 23. In this embodiment, flow begins at block 
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3010 where a program source code is received in a memory on 
a first computing apparatus. Flow then continues to block 
3020 where a selective tradeoff between parallelism, locality 
and contiguity of memory references is created for execution 
on a second computing apparatus. In block 3030 a scheduling 
function is products that optimizes the tradeoff. Flow contin 
ues to block 3040 where the scheduling function is used to 
assign a partial order to the statements of the source code and 
an optimized program is produced. In some embodiments 
where the second computing apparatus contains multiple 
execution units, flow may continue to block 3050 where 
conditional synchronizations between a plurality of execu 
tion units are inserted into the code. 

In further embodiments, we also require that a loop access 
ing a contiguous reference must also be parallel. In which 
case we write the additional constraints Asp, for all loops p 
and all references raccessed by loop p. 

In other embodiments, enumerate for each memory array 
the possible set of values 0<=k<rand optimize along the best 
contiguity dimension. One skilled in the art of integer pro 
gramming constraints building will appreciate that such an 
enumeration can be achieved by standard techniques involv 
ing the introduction of disjunctive constraints. 
Optimizing a Plurality of Selective Tradeoffs. 
A further embodiment applies multiple optimizations 

using Successive parallelism, locality and contiguity optimi 
zations. In one embodiment, each tradeoff in the plurality of 
tradeoffs is optimized using different costs corresponding to 
the costs of parallelism, locality and contiguity for the par 
ticular level of the hardware hierarchy. Example is provided 
for architectures with a hierarchy of coarse grained parallel 
execution units, each of them featuring fine grained parallel 
execution units. One such architecture is the Intel Pentium E 
5300, another example of such architecture is the NVIDIA 
Geforce GTX 280 Graphics Processing Unit (GPU), and a 
further example of Such architecture is any custom configu 
ration of traditional x86 processors with GPUs attached to 
them. The following example illustrates how an embodiment 
of the invention computes schedules used to devise multi 
level tiling hyperplanes and how a further embodiment of the 
invention computes different schedules for different levels of 
the parallelism and memory hierarchy of the second comput 
ing apparatus. 
The flow of additional source code optimization embodi 

ments are illustrated in FIG. 24. In this illustration, flow 
begins at block 3010 where source code is received in 
memory on a first computing apparatus. Flow then continues 
to block 3020 where a selective tradeoffbetween parallelism, 
locality and contiguity of memory references is created for 
execution on a second computing apparatus. In this illustra 
tion, block 3020 is expanded to illustrate various embodi 
ments. In some embodiments, flow continues to block 3270 
where an unassigned loop is identified in the code. Flow then 
continues along three paths. In the first path flow continues to 
block 3320 where a first cost function is assigned. In this 
illustration, the first cost function is related to the cost of 
parallel execution on the second computing apparatus. Flow 
then continues to block 3330 where a decision variable for 
parallelism is assigned, then to conditional block 3340. 

In the second path a memory reference is identified in block 
3280 and flow continues to block 3290 where a third cost is 
assigned. In some embodiments, the third cost is related to the 
cost of contiguous storage and access of the memory refer 
ence. Flow then continues to block 3300 where a decision 
variable is assigned to this cost then on to decision block3310 
where it is determined if additional memory references are 
present within the loop under consideration. If additional 
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memory references exist, flow continues back to block 3280 
and the process iterates until decision block 3310 determines 
that no additional memory references are present. Flow then 
continues to decision block 3340. 

In the third path flow begins at block 3360 where an unas 
signed loop pair is identified. Flow then continues to block 
3370 where a second cost function is assigned. In some 
embodiments, this second cost function is related to locality. 
Flow then continues to block 3380 where a locality decision 
variable is assigned to the loop pair and on to decision block 
3390 where a determination is made on the existence of 
additional unassigned loop pairs. If additional unassigned 
loop pairs are present, flow continues back to block 3360 and 
the process iterates until no additional loop pairs are found. 
Flow then continues to block 3340 where it is determined if 
additional unassigned loops are present in the code. If so, flow 
continues back to block 3270 and the process iterates until no 
unassigned loops are present. Flow then continues to block 
3350 where the Selective tradeoffs are formulated for the 
execution of the code on the second computing apparatus. 
Flow then continues to block 3030 where a scheduling func 
tion is produced which optimizes the selective tradeoff and to 
block 3060 where an optimized program is produced. 

Various provided embodiments of method 3260 are illus 
trated in FIGS. 26A and 26B. In these embodiments, flow 
begins in block 3210 where program source code is received 
in a memory on a first computing apparatus. In block3400 the 
hierarchical architecture of a second computing apparatus is 
provided to the first computing apparatus, or in some embodi 
ments derived by the first computing apparatus. Flow contin 
ues to block 3410 where the next level of computinghierarchy 
of the second computing apparatus is identified. Flow then 
continues to block 3460 where scheduling coefficients and 
constraints are fixed for the prior level of hierarchy under 
consideration. Flow then continues to decision block 3500 
where it is determined if the architecture level under consid 
eration contains execution units. If no execution units are 
present at the level under consideration, flow continues to 
block 3490 where it is determined if the architecture at that 
level can benefit from contiguity. If so flow continues to block 
3480 where scheduling is performed using fine grained 
tradeoff and memory contiguity. If not, flow continues to 
block 3470 where scheduling is performed using a coarse 
grained tradeoff. Flow then continues to block 3450 where 
tiling is performed. At decision block 3440 it is determined if 
the architecture contains faster memory than the one cur 
rently targeted at the level under consideration. If so, memory 
promotion and explicit copy operations are performed in 
block 3430. If not, flow continued to block 3420 where con 
ditional synchronizations are generated. Flow then continues 
back to block 3410 and iterates through the remaining levels 
of hierarchy. 

Returning to decision block 3500 if it is determined that the 
level under consideration contains execution units, flow con 
tinues to block 3510 where it is determined whether the 
current level under consideration benefits from contiguity. If 
so flow continues to block 3530 where scheduling is per 
formed using fine-grained tradeoff and memory contiguity. If 
not flow continues to block 3520 where scheduling is per 
formed using fine grained tradeoff only. Flow then continues 
to block 3540 where unimodular re-indexing for memory 
contiguity is performed. Flow then continues to block 3550 
where placement of code onto the virtual execution threads is 
performed. Flow then continues to decision block3570 where 
it is determined if the level under consideration contains 
private memory. If so, Some embodiments, privatize the tasks 
and associated data in block3580 and flow continues to block 
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3590. If the level under consideration does not contain private 
memory, flow continues directly to block 3590 where condi 
tional synchronizations are inserted. Flow then continues to 
block 3600 where unroll and jam operations are performed, 
then to decision block 3560 where it is determined if the 
architecture on the second computing apparatus contains 
additional levels. If there are additional levels of hierarchy, 
flow continues back to block 3410 and iterates until all levels 
have been considered. 

For example, consider the following code representing a 
3-dimensional Jacobiiteration stencil. In a first loop, the array 
elements Aijk are computed by a weighted sum of the 7 
elements, Bijk, Bi-1jk, Bi-1jk, Bij-1k. 
Bij+1(k), Bijk-1 and Bijk--1. In a symmetrical 
second loop, the array elements Bijk are computed by a 
weighted sum of 7 elements of A. The computation is iterated 
Titer times. 

When computing a schedule for the first level of parallel 
ism (the multiple cores) embodiments may produce the fol 
lowing optimized code in which permutable loops are marked 
as such. 

In this form, the loops have been fused at the innermost 
level on loop land the coarse-grained parallelism and locality 
are optimized by a first scheduling function that orchestrates 
the operations in the program as coarse-grained tasks of par 
allel execution. More specifically, the schedule represented 
by the following C/B/y components correspond to one pos 
sible outcome of provided embodiments that generate the 
code above, after the first optimization: for statement S0: 
C=(i,j, 2*i-ik, 2*i--1), B=(0, 0, 0, 0, 0) and Y=(0, 0, 0, 0); for 
statements S1: O-(i,j, 2*i-k, 2i +1), B=(0, 0, 0, 0, 1) and Y=(0. 
1, 1, 1). 
Loop tiling by tiling factors (16, 8, 8, 1) may be applied to 

further improve locality and the program would have the 
following form, where the inner loops m, n, o are permutable. 
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-continued 

8*j+7): 1++) { 
/* perm'? 

for (m.....) /* perm */ 
for (n.....) /* perm */ 
for (o.....) /* perm */ 
if (condition1) { 
SO(m,n.o) 

if (condition2) { 
S1(m,n.o); }}}}}}}}} 

Without further optimization, the loops are fused on all 
loops i,j,k,lm.nando. In this form, the program does not take 
advantage of fine grained parallelism and contiguity on each 
fine grained parallel execution unit along the loops m, nando. 
More specifically, the following C/B/y components corre 
spond to one possible outcome of provided embodiments that 
generate the code above, after tiling optimization: for State 
ment S0: C=(i, j, k, l, m, 2*m--n, 2*m--o), B=(0, 0, 0, 0, 0, 0, 
0, 0) and Y=(0, 0, 0, 0, 0, 0, 0); for statements S1: C. (i, j, k, 1 
m, 2*m--n, 2*m--o), B=(0, 0, 0, 0, 0, 0, 0, 1) and Y=(0, 0, 0, 0, 
1, 1, 1). It is a further object to perform a second optimization 
of another selective tradeoff to express maximal innermost 
parallelism and contiguity at the expense offusion. The selec 
tive tradeoff gives a much more important cost to parallelism 
than locality and in some aspects may find a different sched 
ule for the intra-tile loops that result in a program that may 
display the following pattern: 

}}}}}}} 

The innermost doall dimensions traverse memory with 
contiguous accesses. It is a further object to allow this suc 
cessive optimizations. We do as follows using the provided 
generalized tradeoff of parallelism, locality and contiguity 
formulation. In a first step one embodiment, we may give a 
very low priority to contiguity constraints. In a further 
embodiment, we may achieve this goal by setting all the costs 
of contiguity references to Zero. In a second step of some 
embodiments, tiling may be performed to create coarse 
grained tasks of execution. Performing tiling to create tasks of 
execution is a well-known process to an engineer skilled in 
the art. In a third step of this embodiment, we may give a very 
low priority to fusion constraints. In another embodiment, we 
may achieve this goal by setting all the costs of fusion to Zero. 
It is a further object to explicitly force the C/B/y component 
values of the statements S0 and S1 to retain the values opti 
mized during the first optimization on a certain number of 
dimensions. This corresponds to fixing schedule coefficients 
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to enforce invariance of parallelism, locality and contiguity of 
memory references across the plurality of selective tradeoffs. 
For statement S0 we may enforce: C. (i, j, k, l, ?, ?, ?), B=(0. 
0, 0, 0, 2, 2, 2, 2) and Y=(0, 0, 0, 0, 2, 2, 2); for statements S1: 
C=(i, j, k, l, ?, ?, ?), B=(0, 0, 0, 0, 2, 2, 2, 2) and Y=(0, 0, 0, 0, 
'?, ?, ?); where "?" mean no additional constraint is enforced. 
After a second application of provided embodiments, the 
following schedules may be generated: for statement S0: 
C=(i, j, k, l, m, n, o), B=(0, 0, 0, 0, 0, 0, 0, 0) and Y=(0, 0, 0, 0, 
0, 0, 0); for statements S1: C-(i, j, k, 1 m, n, o), B=(0, 0, 0, 0, 
1, 0, 0, 0) and Y=(0, 0, 0, 0, 0, 0, 0). 

In a further embodiment, the schedules that produce the 
innermost doall dimensions may be further used to produce 
another level of multi-level tiling hyperplanes. The engineer 
skilled in the field will appreciate multi-level tiling will be 
useful to perform transformations such as register tiling. The 
resulting code may have the following structure: 

doall (p...) { 
doall (q...) { 
doall (r...) { 

}}}}}}} 
doall (m ...) { 

doall (n...) { 
doall (o...) { 
doall (p...) { 

doall (q...) { 
doall (r...) { 

}}}}}}}}}} 

It is a further object to represent the target architecture 
using a representative model and to exploit this model in the 
different steps of the optimization. Different embodiments 
may use different machine models for the same architecture 
and explore different tradeoffs based on features of the 
machine model. Machine models can be composed hierarchi 
cally and the Smallest machine model granularity for which 
embodiments optimize a program is denoted as a morph. In 
some embodiments, the machine model for a single GPU has 
one single morph, and only represents the GPU level of the 
machine model. In one embodiment, the GPU-specific 
attributes for a GeForce 9800GX2 are: 

<entry key=gpu.gpu.major revision-1s, entry> 
<entry key=gpu.gpu.minor revision-1s entry> 
<entry key=gpu.gpu.multi processors-16s, entry> 
<entry key=gpu.gpu.cores'>128</entry> 
<entry key=gpu.gpu.registers per block's 8192-entry> 
<entry key=gpu.gpu...warp size'>32<entry> 
<entry key=gpu.gpu.max threads per block'>512</entry> 
<entry key=gpu.gpu.max thread sizes'>512,512,64Kentry> 
<entry key=gpu.gpu.max grid sizes'>65536,65536~entry> 

The GeForce 9800GX2 has 32K of shared memory. However, 
allocating the full 32K for shared memory arrays will leave 
not enough room for other GPU resources. Other embodi 
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52 
ments may restrict the shared memory size to only 16K to 
affect the tiling and the local memory compaction phases of 
the mapper. 

<entry key="mem.local gpu.size'>16K</entry) 
Automatic Optimization for Massively Multi-Threaded 
Architectures. 

Another provided embodiment of an optimization method 
is illustrated in FIGS. 25A and 25B. In this illustration flow 
begins at block 3010 where source code is received in a 
memory on a first computing apparatus. Flow then continue 
to block 3020 where a first selective tradeoff of parallelism, 
locality, and contiguity of memory references for execution 
of the code on a second computing apparatus is created. Flow 
then continues to block 3080 where a first scheduling func 
tion is produced that optimizes the first selective tradeoff. 
Flow then continues to block 3090 where the first scheduling 
function is used to assign a partial order to the statements of 
the source code and produce a coarse grained parallel opti 
mized program. Flow then continues to block 3100 where 
tiling is performed. Flow then continues to block 3110 where 
scheduling coefficients and constraints are fixed for the pre 
vious levels in the hierarchy. 

Flow then continues to block 3120 where a second selec 
tive tradeoff of parallelism, locality, and contiguity of 
memory references for execution of the code on the second 
computing apparatus is created. In block 3130 a second 
scheduling function is produced that optimizes the second 
tradeoff and flow continues to block 3140 where the second 
scheduling function is used to assign a partial order of State 
ments in the code and produce a fine grained parallel opti 
mized program. Flow then continues to block 3150 where the 
costs of memory access in the program are analyzed. In block 
3160 explicit copies of memory accessed are inserted 
between primary and secondary memory memories for non 
contiguous access. 

Flow then continues to block 3170 where a third selective 
tradeoff of parallelism, locality, and contiguity of memory 
references for execution of the code on the second computing 
apparatus is created. In block 3180 a third scheduling func 
tion is used to assign a partial order to the statements of the 
Source code and to produce a fine grained parallel optimized 
subprogram and copies. Flow then continues to block 3200 
where a unimodular re-indexing data re-layout transforma 
tion is applied for contiguity of references inside the second 
memory. Flow then continues to block 3210 costs are evalu 
ated and a number of virtual execution threads along parallel 
dimensions is selected. Flow then continues to block 3220 
where the code is placed along the virtual execution threads. 
In block 3230 the referenced memory is promoted to private 
memory, conditional synchronizations between the virtual 
execution threads are inserted in block 3240 an unroll andjam 
transformation is then performed in 3250. 

It is a further object to automatically optimize programs for 
execution on massively multi-threaded hardware. Massively 
multi-threaded hardware is defined as hardware that exhibits 
more virtual threads of execution than physical threads of 
execution. The hardware (or sometimes the runtime layer) 
manages the physical scheduling of virtual threads to the 
actual physical processing units during execution. For the 
purpose of illustration we will use the CUDA programming 
model for execution on GPGPUs. Modern General Purpose 
Graphics Processing Units (GPGPUs) are massively parallel 
multiprocessors capable of high floating point operations per 
formance and large memory bandwidth. While GPGPU pro 
gramming is eased by the introduction of higher level data 
parallel languages such as CUDA, maximizing the perfor 
mance of an application still requires the precise balancing of 
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many different types of constraints in the GPU architecture, 
including the utilization of SIMD and coarse-grained data 
parallelism, and the management of the memory hierarchy. 
The typical architecture of modern GPUs consists of array 
SIMD multiprocessors that share a global address space, sub 
divided into multiple types of memories. The execution 
model of such architecture is the following: each GPU mul 
tiprocessor executes a set of parallel threads (typically 32) as 
a single “warp' in a SIMD manner. Multithreading between 
large a number of cores is used to hide the latency of memory 
transfers and thread synchronization. Given Such architec 
tural constraints, a CUDA kernel generated by embodiments 
and executed on the GPU may exhibit the following standard 
(pseudo code) form: a set of perfectly nested parallel doall 
loops divided in a set of outer synchronization-free threads 
blocks (blocks for short), then further subdivided into a set of 
inner parallel threads. The tripcounts for the block (B1, B2, 
B3) and thread dimensions (T1, T2, T3) are limited by archi 
tectural resources. Threads belonging to the same block can 
synchronize with each other and access their own subset of 
shared memory. Each thread also contains its own private 
local memory and registers, which can be used to hold thread 
private data. 

doall block (i = 0; i < B1; i++) 
doall block (j = 0; j < B2; j++) 
doall block (k = 0; k < B3; k++) { 

shared shared memory 
doall threads (ii = 0; ii < T1; ii----) 
doall threads (j = 0; is T2:++) 
doall threads (kk = 0; kk< T3:kk++) 
local memory 
S; 

It is a further objective to take programs written in a high 
level language Such as C and automatically transform them 
into programs in CUDA by performing loop and data trans 
formations, alleviating all the resource management and 
assignment tasks that are necessary to program in CUDA. It is 
another objective to perform "system level mapping, in 
which the program’s data is in the main memory of a system 
and has to be explicitly transferred to/and from the GPU and 
the CPU. In further embodiments the general structure of the 
code produced by various embodiments may be related to the 
tripcounts for the GPU cards (C1, C2); limited by architec 
tural resources look like: 

doall card (ii = 0; ii < C1; ii----) 
doall card (j = 0; i < C2; j++) { 

device device memory 
doall block (i = 0; i < B1; i++) 
doall block (j = 0; j < B2; j++) 
doall block (k = 0; k < B3; k++) { 

shared shared memory 
doall threads (ii = 0; ii < T1; ii----) 

doall threads (j = 0; ii < T2:.j++) 
doall threads (kk = 0; kk< T3:kk++) 
local memory 
S; 

To clarify the presentation of various embodiments, we 
shall illustrate them using a simple 4096x4096 single preci 
sion matrix multiply kernel as our standard running example. 
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#define N4096 
float ANN), BNN, CNN): 
void kernel() { 
for (i = 0; i < N, i++) { 
for (j = 0; j < N, j++) { 
Cij = 0; 
for (k= 0; k < N, k++) { 
Cij = C(i) + Aik Bk: 

}}}} 

In one embodiment the standard target is one core of the 
GeForce 9800GX21. While we disclose embodiments on a 
very simple kernel, mapping it onto a massively multi 
threaded architecture is already a non-trivial task, and the 
mapping process will demonstrate many of the benefits of 
various embodiments. 
One embodiment solves two main problems in CUDA 

mapping: (i) assigning the available set of parallelism to 
blocks and threads, and (ii) managing the memory hierar 
chies. The problems are currently handled by various 
embodiments using the following Sub-phases: 
a. Expose parallelism via affine Scheduling, 
b. Use tiling (aka blocking) to divide the iteration space into 

tiles, such that each tile fits within the constraints of a 
thread block. 

c. Promote variables in device memory to shared memory via 
shared memory promotion. 

d. Finally, perform CUDA kernel formation. This phase 
extracts and transforms loops that can be put into the form 
of a CUDA kernel. 
The kernel formation task can be further decomposed into 

a set of sub-tasks: 
e. Block and thread placement—determine the loop dimen 

sions that can be mapped onto the block and thread grids of 
the GPU. 

f. Privatization promote shared memory to thread-local 
memory. 

g. Unroll and jam to reduce control overhead. 
h. Thread synchronization insertion insert thread synchro 

nization to preserve the original semantics of the program. 
It is an objective to perform a selective tradeoff of fusion, 

parallelism and contiguity costs to expose all the available 
parallelism in the program, including both coarse-grained 
and fine-grained parallelism. In one embodiment, the strategy 
consists of transforming coarse-grained parallelism into the 
thread block parallelism in a CUDA kernel, and fine-grained 
parallelism into SIMD parallelism within a thread block. In 
the running example, the available amount of parallelism is 
easy to expose, and the resulting loop nests are as follows: 

Cij = 0; 
reduction (k= 0; k < 4096; k++) 

In further embodiments, tiling is applied as the next step. 
Tiling is of common knowledge for the engineer knowledge 
able in the art. The tiling algorithm chooses a tile size that 
satisfies the following criteria: 
i. The footprint of the tile does not exceed the size of the 

shared memory. 
j. The tile size balances the amount of computation and com 

munication between tiles. 
The first constraint ensures that the all the memory storage 

within one tile after tiling can be fit within the local memory 



US 8,930,926 B2 
55 

of the GPU. In other embodiments, a tile size of 32x32x32 is 
chosen, and the resulting loop nests loop is: 

doall (i = 0; i <= 127; i++) { 
doall (j = 0: j <= 127; j++) { 

doall (k = 32 * i: k <= 32 * i + 31; k--+) i? intra-tile starts here 
doall (1 = 32 * : 1 <= 32 * + 31: 1++) 
CkT = 0; 

reduction for (k= 0; k <= 127; k++) 
doall (1 = 32 * i: I <= 32 * i + 31: 1++) i? intra-tile starts here 

doall (m = 32 * j, m- 32 * j + 31; m++) 
reduction for (n = 32 *k; n <= 32 * k + 31; n++) 
CIm) = Clm + ATIn * Bnm: 

It is a further object to perform a shared memory promotion 
step and to promote the memory used within a tile to the 
secondary shared memory. Copies between the device 
memory and shared memory are inserted during this trans 
formation. It is another object to perform Local Memory 
Compaction of the shared memory as disclosed in a previ 
ously filed patent application. It is yet another object of to 
insert explicit copies between memory locations in the pri 
mary and memory locations in the secondary memory. In the 
following pseudo-code, the device memory corresponds to 
the original primary memory and the shared memory to the 
memory locations in the secondary memory. In some embodi 
ments, the result is: 

shared float C (32.32): 
shared float A (32.32): 
shared float B 32.32): 
device float A40964096): 
device float B40964096): 
device float C40964096): 

doall (i = 0; i <= 127; i++) { 
doall (j = 0; j <= 127; j++) { 

doall (k = 0; k <=31; k++) 
doall (1 = 0; 1 <= 31: 1++) 
C kT = 0; 

reduction for (k= 0; k <= 127; k++) { 
doall (1 = 0; 1 <= 31: 1++) 

doall (m = 0; m <=31; m++) 
B Im) = B32 * k + 132 * + m): 

doall (1 = 0; 1 <= 31: 1++) 
doall (m = 0; m <=31; m++) 
A m = A32 * i + I32 * k + m): 

doall (1 = 0; 1 <= 31: 1++) 
doall (m = 0; m <=31; m++) 

reduction for (n = 0; n <= 31; n++) 
C Im) += A ITIn * B Inm: 

doall (1 = 0; 1 <= 31: 1++) 
doall (m = 0; m <= 31; m++) 
C32 * i + I32 * + m = C II.m.); 

It is a further object to transform code of the previous form 
into CUDA kernels. This step in general involves a sequence 
of “orthogonal loop and data transformations, including, 
loop fusion, fission, interchange, Stripmining, and data per 
mutation. The first step of this process is block and thread 
placement, i.e., determining the set of loop dimensions to be 
used for block and thread dimensions. This first step is related 
to the contiguity properties of the optimized program. Mod 
ern GPUs implements memory coalescing, whereby aligned 
stride-1 array accesses assigned to adjacent threads are 
merged into a single memory transaction. By taking advan 
tage of this hardware feature, programs can drastically 
improve their memory transfer rate. However, memory coa 
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lescing interacts with data layout and thread placement in 
non-trivial way, and so the two optimizations must be deter 
mined together. 
As an illustration, consider the following parallel loop nests 
with one single reference of interest: 

To optimize the reference so that the each successive thread 
accesses adjacent elements of the data array, Some embodi 
ments may interchange loops i and j, and designate the loop 
as the thread dimension. The resulting transformation is 
shown below: 

Similarly, consider the following parallel loop nests with also 
one single reference of interest: 

doall (i = 0; i < 32; i++) 
doall (j = 0; j < 32; j++) 

... Ai,2... 

In row major storage mode, data dimension 1 of A, accessed 
via a non-stride 1 access (2), cannot be optimized via 
memory coalescing. It is a further object to devise a data 
layout transformation that transposes the data layout of A and 
destinates loop i as the thread dimension: 

doall threads (i = 0; i < 32; i++) 
for (j = 0; j <32; j++) 

... A t2,i ... 

It is a further object to perform the following tasks: 
Analyze memory coalescing costs; and 
Perform a scheduling where contiguity of memory references 

is given the most weight; and 
Assign the proper loop iterations to the thread and block 

dimensions of a GPU kernel via strip-mining and loop 
interchanges; and 

Transform imperfect loop nests into a perfectly nested loop 
nests CUDA kernel via Strip-mining, fusion and loop inter 
changes; and 

Optimize the data layout of arrays 
Memory coalescing analysis 
For each array reference Af(X), define a coalescing tuple (A. 

d, j,w) as follows: 
A is an array; and 
d is an array dimension of A, indexed from 0; and 
j is a potential thread loop dimension (i.e., it must be a parallel 

intra-tile loop dimension); and 
w is the weight, which measures how much benefit there is if 

the given reference is coalesced. 
Intuitively, a coalescing tuple (A. d, j,w) for a reference Af 

(X) means that if data dimension d of A is made the right 
most data dimension 2 and if is made the outer-most 
thread dimension, we gain a performance benefit of w in 
the program. 
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In some embodiments, the weight w of non-contiguous 
access is computed via the following estimate: 
k. The total trip-count of reference is used as the initial esti 

mate of w. 
1. A reference is device memory is slower to execute than from 

shared memory, the slowing factor related to the relative 
speed of the load/store from device and shared memory. In 
further embodiments, this value is determined by the runt 
ime cost of a code representative of load and stores to and 
from the device and shared memories. 
As an illustration of various embodiments, consider this 

loop nest: 

The tuples produced for all the references are as follows: for 
Ai,j, the triples are (A, 0, i, PQR), (A, 1. j. PQR); for 
Aik, the triples are (A, 0, i, PQR), (A, O, k, PQR); and for 
Ai+j.32*i-, the triples are (i.e., no memory coalescing is 
possible) 

In some embodiment, unified parallelism, locality and con 
tiguity optimization finds the following loop structure with 
contiguity along dimension i: 

This loop structure corresponds to C/B/y component values 
given by: C.F(j, i, k), B=(0, 0, 0, 0) and Y=(0, 0, 0). Assuming 
C-style data layout, a simple exhaustive algorithm finds it is 
beneficial to transpose the layout of array A to enforce as 
much contiguity as possible along the innermost dimension 
of A: 

The triples for the Statement Scan be computed by merging 
the triples for its references. In this case we have: (A, 0, i. 
2PQR), (A, 1.j, PQR), (A, O, k, PQR). By exhaustive inspec 
tion, a further embodiment finds it is most beneficial to 
choose loop i as the outermost thread dimension. The result 
ing code is: 

The first two references are optimized to take advantage of 
coalescing. 
Costs of Synchronizations 

In further embodiments, additional costs for the synchro 
nizations between threads are introduced to account for non 
parallel loop dimensions. This is because using an inner doall 
loop as a thread dimension can increase the amount of Syn 
chronization that we require in the final CUDA kernel. For 
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example, consider the following loop nest with two parallel 
and one interleaved sequential loop dimensions: 

If the dimension i is chosen as the thread dimension, then no 
synchronization code is required: 

doall threads (i = 0; i < 16; i++) 
for (j = 0; j < 16; j++) 

for (k= 0; k < 128; k++) 
S; 

On the other hand, some embodiments may choose loop kas 
the thread dimension. In Such embodiments, a syncthreads 
call is inserted in the output code to preserve the semantics of 
the original program as follows: 

doall threads (k = 0; k < 128; k++) 
for (i = 0; i < 16; i++) 

for (j = 0; j < 16; j++) { 
S; 

syncthreads (); 

Since the loop i was originally a doall loop, the selective 
tradeoff of parallelism, locality and contiguity can also sink it 
below the loop j, and hoist the thread synchronization call. 
This results in the following improved code with fewer num 
ber of synchronizations: 

doall threads (k = 0; k < 128; k++) 
for (j = 0; j < 16; j++) { 

for (i = 0; i < 16; i++) 
S; 

Syncthreads(); 

It is an object of provided embodiments to deduct a thread 
synchronization penalty from the weight of a coalescing 
tuple. Thread synchronization code is required if a loop 
dimension is nested under a sequential loop within a tile. In 
Some embodiments, the total penalty of the synchronization is 
proportional to the trip count of the sequential loops, which is 
an estimate of the minimal amount of thread synchronization 
calls that the program has to execute per block. 

It is another object of provided embodiments to reflect the 
cost of the synchronizations in the selective tradeoff for local 
ity, parallelism and contiguity. In some embodiments, this is 
achieved by multiplying the benefit of outermost doall loops 
by constants proportional to the inverse of the depth of the 
loop. 
Computing Memory Coalescing for Arbitrary Loop Nests 

It is an object of provided embodiments to generalize the 
previous analysis to imperfectly nested loops with multiple 
statements. Consider two coalescing tuples (A, d, j,w) and 
(A0, d0.0, w0) for statements S and S0 respectively (S could 
be equal to S0.) We say that the two tuples are compatible if: 
m. If A=A0, then d=d(0. Intuitively, this means that the two 

tuples must describe compatible data layout. 
n. If Hoop in S and O-loop in S0 are nested under some 
common loop nests; and if the j-loop or the O-loop belongs 
to this common part, then O. 
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The meaning of the second condition can best be explained 
via an example. Consider the following loop nests: 

Statement S1 and S2 have the i-loop in common. The condi 
tion (2) states that if this embodiment chooses the i-loop for a 
thread dimension of S1, then it also has to use it for the thread 
dimension of S2. On the other hand, if the embodiment 
chooses the j-loop for the thread dimension for S1, then it has 
the freedom to use the k- or Hoop for the thread dimension of 
S2. 

Given the definition of compatibility, it is another object of 
provided embodiments to optimize memory coalescing as 
follows: given a set of coalescing tuples T, find a compatible 
subset of T, Topt, such that the weight of Topt is maximized. 
The pseudo-code of an algorithm achieving this optimization 
is as follows: 

for i = 1... 3 do 
if i = 1 then enable coalescing heuristics end if 
Find a new thread dimension from the intra-tile loops 
if too many threads are used then 

break; 
end if 

end for 
for i = 1... 3 do 

Find a new block dimension from the inter-tile loops 
If enough blocks are used then 

break; 
end if 

end for 

Choosing Other Thread and Block Dimensions 
The previous method is used, in some embodiments, to 

determine the threads and block dimensions. In further 
embodiments, we find one dimension at a time, starting from 
the first thread dimension. During the selection of the first 
thread dimension, memory coalescing optimization is con 
sidered. When choosing other thread and block dimensions 
(where memory coalescing is no longer a concern), some 
embodiments may use the following heuristics instead: 

a. Choose the loop dimensions with the maximum trip 
count. This ensures the trip count is maximized. 

b. For a thread, the loop dimensions j and O of any two 
statements S and S0 must be thread-compatible: i.e., 
either j (), or else j is not nested under O or vice versa. 

c. For a block, the loop dimensions j and 0 of any two 
statements Sand S0 must be block-compatible: i.e., ji=0. 

This last restriction for block-compatibility can be clarified 
by the following example. Suppose we have the following 
inter-tile loop dimensions: 

doall (i = ...) { 
doall (j = ...) { 

S1; 

doall (k= ...) { 
S2; 
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In further embodiments, can only choose loop-i as the 

block dimension for S1 and S2, i.e., it is illegal to choosejas 
the block dimension for S1 and k for S2. This is because the 
merging transformation cannot be applied to parallel block 
loops, only to parallel thread loops; i.e., blocks must be Syn 
chronization-free. The result of block and thread placement 
on the running example is shown in the following loop nests. 
The first thread dimension has a trip count of 32. Since weare 
only allowed a maximum of 512 threads on the 9800GX2, the 
second thread dimension is limited to 16. The second selected 
thread dimension has a trip count of 32. To maintain the limit 
of 512 threads, we stripmine the loop nest by 16 and use the 
stripmined loop as the second thread dimension. After this, 
we have exhausted the number of threads. We then proceed to 
select the block dimensions, which are loops i and j. Both 
block dimensions have trip counts of 128. 

shared float C 3232; 
shared float A 3232; 
shared float B 3232; 
device float A40964096): 
device float B40964096): 
device float C40964096): 

doall block (i = 0; i <= 127; i++) { // blockIdx.x 

hreadIdx.x 

+mo B on: 

Specialized Kernel Formation 
The above set loop nests is still not in the standard CUDA 

kernel form. Further embodiments may use the following 
merging heuristics to transform arbitrary loop nests into the 
standard form: 
o. Loop dimensions that are assigned to a block or thread are 
made implicit. 

p. Outer-loop dimensions that Surround a block dimension are 
executed on the host processor, i.e., executed on the CPU 
outside of the CUDA kernel. 

q. Loop dimensions that are below block dimensions can be 
sunken into the CUDA kernel and executed sequentially 
(doing so may require addition synchronizations to be 
inserted). 
In the present running example, the loop dimensions i and 

j are used as the block dimensions. Since there are no loop 
dimensions above i in this example, the entire loop nests may 
be executed in the CUDA kernel, and the host-side code 
contains only a kernel launch. The reduction loop dimension 
k can be sunken into the CUDA kernel; doing so requires the 
introduction of syncthreads () calls to sequentialize the 
execution within this loop. 
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The resulting transformed loop nests areas follows (we use th 
for thread Idx and b for blockIdx to reduce clutter in the 
pseudo code): 

shared float C 3232; 
shared float A 3232; 
shared float B 3232; 
device float A40964O96): 
device float B40964096): 
device float C40964096): 

doall (i = 0; i <= 1; i++) 
C 16 * i + thyth.x = 0; 
syncthreads(); 

reduction for (i = 0; i <= 127; i++) { 
doall (i = 0: <= 1;++) 
B 16 * + thylth.x) = B32 * i + 16 * + thy,32 * bly + thix): 

doall (i = 0: <= 1;++) 
A 16 * j + thiyth.x = A16 * + 32 * bl.x + thy,32* i + th.x: 
syncthreads(); 

doall (i = 0: <= 1;++) 
reduction for (k= 0; k <=31; k++) 
C 16 * + thyth.x += A 16 * + thiyk * B Ikth.x); 

syncthreads(); 

doall (i = 0; s= 1;++) 
C16 * + 32 * blx + thy32 *bly + thix) = C 116 * + thyth.x); 

3 
3 
3 

Privatization 

It is a further objective of some embodiments to further 
optimize the memory usage of the above program by recog 
nizing that each thread writes to its own disjoint set of loca 
tions in C I. In some embodiments, the following transfor 
mation on references is possible: C II 16+th.yth.x->C I 

and C II 16+th.yth.x->C IIi. The resulting loop nests 
after privatization is as follows. In this example, each thread 
keeps around 2 running sums for inside the local array C I. 

float C 12); // local private memory 
shared float A 3232; 
shared float B 3232; 
device float A40964O96): 
device float B40964096): 
device float C40964096): 

doall (i = 0; i <= 1; i++) 
C i = 0; 
syncthreads(); 

reduction for (i = 0; i <= 127; i++) { 
doall (i = 0: <= 1;++) 
B 16 * + thylth.x) = B32 * i + 16 * + thy,32 * bly + thix): 

doall (i = 0: <= 1;++) 
A 16 * j + thiyth.x = A16 * + 32 * bl.x + thy,32* i + th.x: 
syncthreads(); 

doall (i = 0: <= 1;++) 
reduction for (k= 0; k <=31; k++) 
C += A 16 * + thiyk * B Ikth.x); 

syncthreads(); 

doall (i = 0; s= 1;++) 
C16 * + 32 * blx + thy32 *bly + thix) = C lil: 

In one embodiment, the following pseudo-code describes 
how certain embodiments may implement privatization: 

List of array references, 
List of processor dimensions, 
List of processor grid sizes 
1. Given a list of references, check if they are privatizable, 
i.e., all accesses from one processor is disjoint from all accesses 

from another processor. 
2. For each privatizable reference, compute a privatized 

access function. 

Input { 

Aim: 
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-continued 

Step 1: Check if all processor dimensions are present in each of the 
access function. 

If NOT, Mark as NOT PRIVATIZABLE 
Step 2: Check if the coefficients of processor dimensions in all the 
access functions are the same. 

If NOT, Mark as NOT PRIVATIZABLE 
Step 3: Check if the non-processor coefficients are a multiple of the 
processor grid sizes. 

If NOT, Mark as NOT PRIVATIZABLE 
Mark as PRIVATIZABLE 
Find privatized access function 
for each array access function in the list 

for each processor dimension 
for each data dimension of the array access 

1. Zero out the co-efficient of processor dimension 
2. divide other coefficients by processor grid size 

end for 
end for 

end for 

Step 4: 
Step 5: 

Fine Grained Scheduling of Communications 
It is another object to optimize a third weighted parametric 

function of parallelism, locality and contiguity of the opera 
tions in the program after explicit memory copy operations 
have been inserted by some embodiments between memory 
locations in a primary memory and memory locations in a 
secondary memory. Generally, various embodiments may fix 
schedule coefficients to enforce invariance of parallelism, 
locality and contiguity of memory references across the plu 
rality of selective tradeoffs as described above. Embodiments 
then may compute dependences between communication and 
computation statements using techniques well-known by 
engineers knowledgeable in the field. A selective tradeoff is 
further derived and optimized which comprises communica 
tion and computation statements. Costs are determined as 
described above. As an illustration, embodiments may pro 
duce the following pseudo-program before the third weighted 
parametric function is optimized. In this pseudo-program, pr 
stands for private memory, C I 

float C 1162): if local private memory 
shared float A 1616); 

float B 1162): if local private memory 
device float A10241024; 
device float B10241024; 
device float C10241024): 

doall (i = 0; i <= 15; i++) { 
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-continued -continued 

doall (j = 0: j <= 1; j++) { 
doall (i = 0; i <= 15; i++) { 5 doall (k= 0; k <= 15; k++) { 

doall (j = 0; j <= 1; j++) { B k = B16 * i + k,64* + 128 *bly + th.x); 
Ci + 16 * bl.x,64* + 128*bly + th.x = C li, 

doall (k= 0; k <= 15; k++) { 
reduction for (1 = 0; 1 <= 14: 1 += 2) { 
C Ik, += A k,I* B III: 

10 C Ik, += A lk, 1 + I* B l1 + l; 
Optimizing the third weighted function may completely 

modify the schedule of the computations and the interleaving 
of communications. In the following example, communica 
tions between the primary memory for Band the non-primary doall (i = 0; i <= 15; i++) { 
(secondary or third) memory are interleaved with computa- 15 doall (j = 0: j <= 1; j++) { 
tions: 

float C 1162): f? local private memory 
sharedfloat A 1616; 

float B 1162): f? local private memory 
device float A10241024): 
device float B10241024; 
device float C10241024; 

doall (i = 0; i <= 15; i++) { 

It is a further object of provided embodiments to explore 
different costs that produce different weighted tradeoffs and 
result in different optimized programs. 
Insertion of Synchronizations. 

It is a further object of various embodiments to automati 
25 cally insert synchronizations between a plurality of execution 

units. It is another object to minimize a weighted function of 
the cost of the synchronization depending for instance on the 
number of synchronizations, their nesting depth and the num 
ber of threads synchronized. In one embodiment, synchroni 
zations are inserted as follows, where >lex, =lex and <lex 
denote lexicographic ordering: 

Input { List of array references, 
List of processor dimensions, 
List of privatized references 

Aim: 1. Given a pair of references, compute dependences. 
2. For each dependence, inserta Synchronization. 
3. Superimpose synchronizations to minimize the overall synchronization cost 

Step 1: Compute dependences 
for each pair of references (R1,R2) accessing the same array A in the list, 

if array A is not marked PRIVATIZED 
if R1 and R2 access the same location of A at depth d by different execution units 
add a synchronization at depth at least d between statements (S, T) referencing (R1,R2). 
attach the type of dependence (loop independent OR loop carried) 
attach the minimum dependence distance (min dist) 
Step 2: Construct an optimization problem to place synchronizations 

for each synchronization Sync of depth d between statements S and T 
add the constraint beta(Sync) =lex beta (S1) up to depth d 
add the constraint beta(Sync) =lex beta(S2) up to depth d 
if dependence is loop independent 

add the constraint beta(S) <lex beta(Sync) < lex beta(T) after depth d 
if dependence is loop carried 

if beta(S) >lex beta(T) and min dist is equal to 1 
add the constraint 

beta(S) < lex beta(Sync) OR beta(Sync) <lex beta(T) 
after depth d 
Step 3: Construct an optimization function whose optimization determines the placement of 
synchronizations. 

for each synchronization Sync 
for each statement Stim in {S, T} related to Sync 

for each depth d 
inserta Boolean decision variable beta eq(Sync, Stim, d) such 

that 
beta eq(Sync, Stim, d) == 1 iff beta (Sync)d == 

beta(Stm)d 
for each synchronization Sync1 

for each synchronization Sync2 
insert an integer variable q. Such that 

for each depth d 
q > beta (Sync1)(d) - beta(Sync2)d and 
q > beta (Sync2)d - beta(Sync1)d 

create cost function F by associating proper costs to variables, for instance: 
F = Sum(10 d'(1-beta eq[d]) + Sum (2 d*(q(d))) 
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Step 4: Solve optimization problem by minimizing the cost function 
Step 5: Insert synchronizations into program 

for each synchronization Sync1 
for each synchronization Sync2 different from Sync1 

if beta(Sync1) =lex beta(Sync2) 
merge Sync2 into Sync1 
for each remaining synchronization 

create a new synchronization operation at the proper beta 
attach the domain formed by the convex union of the domains of the attached 

Statements 

Embodiments allow the generation of multiple program ver 
sion with different synchronization properties depending on 
the associated cost model. 15 

Consider the following pseudoprogram before synchroniza 
tions have been inserted: 

shared float A 1616; 
float C 162): 
float B 1162): 

device float A1024; 
device float B1024): 
device float C*1024): 

doall (i = 0; i <= 15; i++) { 
doall (j = 0: j <= 1; j++) { 

SO(pr >C li); 

reduction for (i = 0; i <= 63; i++) { 

25 

30 

35 

doall (k = 0; k <= 1; k++) { 
reduction for (1 = 0; 1 <= 15: 1++) { 

S1 (pr <>C II.k.<A lpr sB Ilk); 

40 

45 

Without synchronization optimization, the output could 
resemble: 

shared float A 1616; 
float C 162): 
float B 1162): 

device float A1024): 
device float B1024): 
device float C*1024): 

doall (i = 0; i <= 15; i++) { 
doall (j = 0: j <= 1; j++) { 

SO(pr >C li); 
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syncthread(); 
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-continued 

reduction for (i = 0: j <= 63; i++) { 

syncthread.(); 

syncthread.(); 

syncthread.(); 

syncthread.(); 

doall (k = 0; k <= 1; k++) { 
reduction for (1 = 0; 1 <= 15: 1++) { 

S1 (pr sc-C liks-A lpr <B Ilk); 

syncthread(); 

One possible result of applying various embodiments results 
in a pseudoprogram with fewer synchronizations. Intuitively, 
multiple synchronizations have been Superimposed by pro 
vided methods and collapse in a single syncthread operation. 

shared float A 1616: 
float C 162): 
float B 1162): 

device float A1024): 
device float B1024): 
device float C1024; 

doall (i = 0; i <= 15; i++) { 
doall (j = 0; j <= 1; j++) { 

SO(pr >C li); 

for (i = 0; i <= 63; i++) { 
if (th.x <= 15) { 
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syncthread.(); 

syncthread.(); 

Unroll and Jam 
In a further provided embodiment a complementary unroll 

and-jam transformation is applied. Unroll-and-jam is com 
mon knowledge for an engineer knowledgeable in the art. In 
one embodiment it is implemented as a simple stripmining 
transformation of a doall loop followed by an interchange to 
sink the loop at the innermost level. A late unrolling dupli 
cates the code and results in the following code: 

float C 12): 
shared float A 32 
shared float B 32 

l; 
l; 

device float A40964096): 
device float B40964096): 
device float C40964096): 

C (O) = 0; 
C 1) = 0; 

syncthreads(); 
reduction for (i = 0; i <= 127; i++) { 
B (th.yth.x = B32* i + thy32 *bly + th.x); 
B 16 + thyth.X = B16 + 32 * i + thy32 *bly + th.x: 
A lith.yth.x = A16 + 32 * bl.x + thy32 * i + th.x); 
A 16+th.yth.x = A16 + 32 * bl.x + thy32 * i + th.x); 

syncthreads(); 
reduction for (k= 0; k <= 31; k++) { 
C O += A lith.yk * B Ikth.x); 
C 1 += A 16 + thyk * B kth.x: 

syncthreads(); 

C32 * bl.x + thy32 *bly + thix) = C Ol: 
C16 + 32 * blx + thy32 *bly + th.X = C 11: 

32 
32 

In some embodiments, unroll-and-jam on the outermost 
block dimensions, has the effect to further improve the reuse 
within the innermost kernels by keeping more than 2 running 
Sums in the local array C I. However, since unrolling the 
outer dimensions increases the sizes of A. I and/or B I, there 
is a need to limit the unrolling factor to avoid running out of 
secondary memory limits. In further embodiments, we try 
Successive unroll-and-jam factors of 2, 4, 8 and further pow 
ers of 2 until we run out of secondary memory. We keep the 
highest Such admissible factor. 

The CUDA kernel output in some embodiments is very 
similar to the pseudo-code above. Two additional and trivial 
adjustments are made to the output code: 
r. The kernel launch call kernel PE<. . . D with the 

proper block and thread dimensions are inserted into the 
host-side of the code. 
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S. #pragma unroll are inserted into the CUDA kernel to further 

enable unrolling by the NVIDIA nvcc compiler. 

void kernel() { 
kernel PE<<dim3(128, 128), dim3(32,16)>>(); 

static void global kernel PE(void) { 
float C 12): 
float shared A 3232; 
float shared B 32.32): 
inti; 
C (O) = 0.0f: 
C (1) = 0.0f: 

Syncthreads(); 
#pragma unroll 
for (i = 0; i <= 127; i++) { 

int; 
B threadIdx.y threadIdx.x = B 132 * i + threadIdx.y32 * 

blockIdx.y + thread Idx.x); 
threadIdx.y thread Idx.x = A 132 * blockIdx.x + 

threadIdx.y32 * i + thread Idx.x); 
16 + thread Idx.y thread Idx.x = B 116 + (32 * i + 

threadIdx.y)32 * blockIdx.y + threadIdx.x); 
16 + thread Idx.y threadIdx.x=A 116 + (32 * 

blockIdx.x + thread Idx,y)32 * i + threadIdx.x); 

A 

B 

A 

syncthreads(); 
#pragma unroll 
for (j = 0; j <= 31; j++) { 
C (O) = C IO+ A thread Idx,y]* B threadIdx.x); 
C 1 = C 11+ A 16 + thread Idx.y * B thread Idx.x); 

syncthreads(); 

C 132 * blockIdx.x + thread Idx.y32 * blockIdx.y + 
threadIdx.x = C IO: 
C 116 + (32 * blockIdx.x + threadIdx.y)32 * blockIdx.y + 
threadIdx.x = 
C 1: 

Thus, it is seen that methods and an apparatus for optimiz 
ing source code on a custom first computing apparatus for 
execution on a second computing apparatus are provided. 
One skilled in the art will appreciate that the present invention 
can be practiced by other than the above-described embodi 
ments, which are presented in this description for purposes of 
illustration and not of limitation. The specification and draw 
ings are not intended to limit the exclusionary scope of this 
patent document. It is noted that various equivalents for the 
particular embodiments discussed in this description may 
practice the invention as well. That is, while the present 
invention has been described in conjunction with specific 
embodiments, it is evident that many alternatives, modifica 
tions, permutations and variations will become apparent to 
those of ordinary skill in the art in light of the foregoing 
description. Accordingly, it is intended that the present inven 
tion embrace all Such alternatives, modifications and varia 
tions as fall within the scope of the appended claims. The fact 
that a product, process or method exhibits differences from 
one or more of the above-described exemplary embodiments 
does not mean that the product or process is outside the scope 
(literal scope and/or other legally-recognized scope) of the 
following claims. 

What is claimed is: 
1. A method of optimizing the execution of a program on a 

multi-execution unit computing apparatus, the method com 
prising: 

receiving a computer program in a memory on a first com 
putingapparatus, the first computingapparatus compris 
ing the memory, a storage medium and at least one 
processor, the at least one processor containing at least 
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one multi-stage execution unit, the computer program 
comprising at least one arbitrary loop nest; and 

optimizing the computer program for execution on a sec 
ond computing apparatus, the second computing appa 
ratus comprising at least two execution units, the opti 
mization further comprising: 
optimizing a selective tradeoff of the cost of parallelism, 

locality and contiguity of arbitrary memory accesses, 
using a cost function based on, at least in part, each of 
(i) a benefit of executing a loop in parallel, relative to 
executing the loop sequentially, (ii) a benefit of fusing 
a pair of loops to improve locality, relative to distrib 
uting loops of pair, and (iii) a benefit of accessing a 
memory reference with contiguous memory accesses, 
relative to accessing the memory reference with non 
contiguous memory access, to orchestrate the compu 
tations; and 

producing an optimized computer program for execu 
tion on the second computing apparatus. 

2. The method of claim 1, wherein the at least two execu 
tion units on the second computingapparatus area plurality of 
execution units, the method further comprising generating 
conditional synchronizations between the plurality of execu 
tion units. 

3. The method of claim 1, wherein a scheduling function is 
used to orchestrate the operations in the optimized program; 
the scheduling function assigning a partial execution order 
between the operations of the optimized program. 

4. The method of claim 1, further comprising: 
assigning a first cost to at least one loop of the at least one 

arbitrary loop nest, in the program, the first cost related 
to a difference in execution speed between sequential 
operations of the at least one loop on a single execution 
unit in the second computing apparatus and parallel 
operations of the at least one loop on more than one of 
the at least two execution units in the second computing 
apparatus; 

assigning a second cost to at least one pair of loops, the at 
least one pair of loops contained within the at least one 
arbitrary loop nest, the second cost related to a differ 
ence in execution speed between operations where the 
pair of loops are executed together on the second com 
puting apparatus, and where the pair of loops are not 
executed together on the second computing apparatus; 
and 

assigning a third cost to at least one arbitrary memory 
reference, the at least one arbitrary memory reference 
contained within the at least one arbitrary loop nest, the 
third cost related to a difference in execution speed 
between operations where the memory is accessed con 
tiguously on the second computing apparatus, and 
where the memory is not accessed contiguously on the 
Second computing apparatus. 

5. The method of claim 4, further comprising: 
assigning each loop within the at least one arbitrary loop 

nest a decision variable that specifies if the loop is 
executed in parallel in the optimized program; 

assigning each pair of loops within the at least one arbitrary 
loop nest a decision variable that specifies if the loops 
are executed together in the optimized program; and 

assigning each memory reference within the at least one 
arbitrary loop nest a decision variable that specifies if 
memory is accessed contiguously in the optimized pro 
gram. 

6. The method of claim 4, further comprising determining 
at least one of the costs through static evaluation of a model of 
the execution cost of the instructions in the program. 
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7. The method of claim 4, further comprising determining 

at least one of the costs through the cost of a dynamic execu 
tion on the second computing apparatus of at least a set of 
instructions representative of code in the program. 

8. The method of claim 4, further comprising determining 
at least one of the costs through an iterative refining process 
consisting of at least one static evaluation of a model of the 
execution cost and at least one dynamic execution on the 
second computing apparatus of at least a set of instructions 
representative of code in the program. 

9. The method of claim 1, wherein the second computing 
apparatus comprises a plurality of execution units and memo 
ries, the method further comprising: 

representing the architecture, of the second computing 
apparatus, as a hierarchy of execution units and memo 
ries; a level of the hierarchy consisting of a primary 
execution unit, a plurality of secondary execution units, 
a primary memory and a plurality of secondary memo 
ries; 

optimizing a plurality of selective tradeoffs using a plural 
ity of costs; the tradeoffs determining a plurality of 
Schedules; a schedule determining the orchestration of 
operations on a level of hierarchy of execution units and 
memories of the second computing apparatus; 

generating conditional memory transfers between primary 
and secondary memories; and 

generating conditional synchronizations between a plural 
ity of execution units. 

10. The method of claim 9, wherein at least one scheduling 
coefficient of the at least one loop is fixed to enforce invari 
ance of parallelism, locality and contiguity of memory refer 
ences across a plurality of selective tradeoffs. 

11. The method of claim 9, further comprising determining 
a first scheduling function orchestrating the operations as 
coarse-grained tasks of parallel execution. 

12. The method of claim 11, further comprising determin 
ing a second scheduling function orchestrating the operations 
in the program into fine grained parallel execution with opti 
mized contiguous accesses to the primary memory. 

13. The method of claim 12, wherein accesses to non 
contiguous primary memory locations are promoted in a new 
location in a secondary memory, shared by multiple execu 
tion units. 

14. The method of claim 13, further comprising applying 
unimodular reindexing to at least one promoted memory ref 
erence to optimize the amount of storage needed in the sec 
ondary memory. 

15. The method of claim 13, further comprising inserting 
copy instructions into the program, the copy operations to 
transfer data between primary and secondary memories. 

16. The method of claim 15, wherein one of the inserted 
copy instructions comprises an instruction involving sequen 
tial access to contiguous memory locations. 

17. The method of claim 15, wherein the inserted copy 
instructions comprises an instruction involving memory 
access aligned modulo on an architecture specific factor. 

18. The method of claim 15, further comprising determin 
ing a third scheduling function orchestrating the operations in 
the program and the explicit copy instructions, wherein the 
third scheduling function interleaves the copy instructions 
with instructions in the program. 

19. The method of claim 18, wherein said third scheduling 
function optimizes contiguity of memory references along an 
arbitrary array dimension. 

20. The method of claim 19, further comprising applying a 
unimodular reindexing function to at least one of the memory 
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references to further optimize the contiguity of the memory 
accesses along the innermost array dimension. 

21. The method of claim 1, wherein the second computing 
apparatus is a massively multi-threaded multi-execution unit 
heterogeneous computing apparatus, the method further 
comprising: 

optimizing a first global weighted parametric tradeoff of 
parallelism, locality and memory access contiguity costs 
of the operations in the program; 

optimizing a second weighted parametric tradeoff of par 
allelism, locality and memory access contiguity costs of 
the operations in the program; 

promoting references accessing memory locations of a 
primary memory into a secondary memory shared by 
multiple execution units: 

generating optimized data transfer operations between pri 
mary and secondary memories; 

optimizing a third weighted parametric function of paral 
lelism, locality and memory access contiguity costs of 
the data transfer operations and the operations in the 
program; 

optimizing the computer program for execution on a sec 
ond computing apparatus, the second computing appa 
ratus comprising at least two physical execution units, 
each physical execution unit executing at least two Vir 
tual threads of execution, the optimization further com 
prising allocating computations to virtual threads of 
execution and generating synchronizations for execu 
tion on the at least two physical execution units; and 

producing an optimized computer program for execution 
on the second computing apparatus. 

22. The method of claim 21, further comprising: 
performing an evaluation of a cost of contiguous memory 

accesses, 
performing an evaluation of a cost of synchronizations 

between dependent operations; 
Selecting a number of virtual execution threads in a range 

comprised between the number of physical execution 
units and the maximal number of virtual threads of 
execution; and 

Selecting at least one parallel dimension to be executed by 
virtual threads of execution. 

23. The method of claim 21, further comprising: 
performing a stripmine transformation on the selected par 

allel dimension; inserting a global parameter represent 
ing the virtual thread of execution; and 

adding a constraint to equate the value of the stripmined 
parallel dimension and said global parameter. 

24. The method of claim 21, further comprising inserting 
conditional synchronizations between dependent operations. 

25. The method of claim 21, further comprising minimiz 
ing a weighted function of the synchronization costs. 

26. The method of claim 21, further comprising promoting 
at least one memory reference into a third memory, said third 
memory being private to only one virtual thread of execution. 

27. The method of claim 21, further comprising perform 
ing unroll-and-jam on at least one parallel dimension, the at 
least one parallel dimension not involved in an equality with 
said at least one parallel dimension to be executed by virtual 
threads of execution. 

28. A custom computing apparatus comprising: 
at least one multi-stage processor, 
at least one memory coupled to the at least one multi-stage 

processor, and 
a storage medium coupled to the at least one memory, the 

storage medium comprising a set of processor execut 
able instructions sufficient that, when executed by at 
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least one of the multi-stage processors configure the 
computing apparatus to optimize program code for 
execution, the configuration comprising a configuration 
tO: 
receive a computer program in a memory on a first 

computing apparatus, the first computing apparatus 
comprising the memory, a storage medium and at 
least one processor, the at least one processor contain 
ing at least one multi-stage execution unit, the com 
puter program comprising at least one arbitrary loop 
nest; and 

optimize the computer program for execution on a sec 
ond computing apparatus, the second computing 
apparatus comprising at least two execution units, the 
configuration to optimize further comprising a con 
figuration to: 
optimize a selective tradeoff of the cost of parallelism, 

locality and contiguity of arbitrary memory 
accesses, using a cost function based on, at least in 
part, each of: (i) a benefit of executing a loop in 
parallel, relative to executing the loop sequentially, 
(ii) a benefit of fusing a pair of loops to improve 
locality, relative to distributing loops of pair, and 
(iii) a benefit of accessing a memory reference with 
contiguous memory accesses, relative to accessing 
the memory reference with non-contiguous 
memory access, to orchestrate the computations; 
and 

produce an optimized computer program for execu 
tion on the second computing apparatus. 

29. The custom computing apparatus of claim 28, wherein 
the at least two execution units on the second computing 
apparatus are a plurality of execution units, the configuration 
further comprising a configuration to generate conditional 
synchronizations between the plurality of execution units. 

30. The custom computing apparatus of claim 28, wherein 
a scheduling function is used to orchestrate the operations in 
the optimized program; the scheduling function assigning a 
partial execution order between the operations of the opti 
mized program. 

31. The custom computing apparatus of claim 28, wherein 
the configuration further comprises a configuration to: 

assign a first cost to at least one loop of the at least one 
arbitrary loop nest, in the program, the first cost related 
to a difference in execution speed between sequential 
operations of the at least one loop on a single execution 
unit in the second computing apparatus and parallel 
operations of the at least one loop on more than one of 
the at least two execution units in the second computing 
apparatus; 

assign a second cost to at least one pair of loops, the at least 
one pair of loops contained within the at least one arbi 
trary loop nest, the second cost related to a difference in 
execution speed between operations where the pair of 
loops are executed together on the second computing 
apparatus, and where the pair of loops are not executed 
together on the second computing apparatus; and 

assign a third cost to at least one arbitrary memory refer 
ence, the at least one arbitrary memory reference con 
tained within the at least one arbitrary loop nest, the third 
cost related to a difference in execution speed between 
operations where the memory is accessed contiguously 
on the second computing apparatus, and where the 
memory is not accessed contiguously on the second 
computing apparatus. 

32. The custom computing apparatus of claim 31, wherein 
the configuration further comprises a configuration to: 
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assign each loop within the at least one arbitrary loop nest 
a decision variable that specifies if the loop is executed in 
parallel in the optimized program; 

assign each pair of loops within the at least one arbitrary 
loop nest a decision variable that specifies if the loops 
are executed together in the optimized program; and 

assign each memory reference within the at least one arbi 
trary loop nest a decision variable that specifies if 
memory is accessed contiguously in the optimized pro 
gram. 

33. The custom computing apparatus of claim 31, wherein 
the configuration further comprises a configuration to deter 
mine at least one of the costs through static evaluation of a 
model of the execution cost of the instructions in the program. 

34. The custom computing apparatus of claim 31, wherein 
the configuration further comprises a configuration to deter 
mine at least one of the costs through the cost of a dynamic 
execution on the second computing apparatus of at least a set 
of instructions representative of code in the program. 

35. The custom computing apparatus of claim 31, wherein 
the configuration further comprises a configuration to deter 
mine at least one of the costs through an iterative refining 
process consisting of at least one static evaluation of a model 
of the execution cost and at least one dynamic execution on 
the second computing apparatus of at least a set of instruc 
tions representative of code in the program. 

36. The custom computing apparatus of claim 28, wherein 
the second computing apparatus comprises a plurality of 
execution units and memories, the configuration further com 
prising a configuration to: 

represent the architecture, of the second computing appa 
ratus, as a hierarchy of execution units and memories; a 
level of the hierarchy consisting of a primary execution 
unit, a plurality of secondary execution units, a primary 
memory and a plurality of secondary memories; 

optimize a plurality of selective tradeoffs using a plurality 
of costs; the tradeoffs determining a plurality of sched 
ules; a schedule determining the orchestration of opera 
tions on a level of hierarchy of execution units and 
memories of the second computing apparatus; 

generate conditional memory transfers between primary 
and secondary memories; and 

generate conditional synchronizations between a plurality 
of execution units. 

37. The custom computing apparatus of claim 36, wherein 
at least one scheduling coefficient of the at least one loop is 
fixed to enforce invariance of parallelism, locality and conti 
guity of memory references across a plurality of selective 
tradeoffs. 

38. The custom computing apparatus of claim 36, wherein 
the configuration further comprises a configuration to deter 
mine a first scheduling function orchestrating the operations 
as coarse-grained tasks of parallel execution. 

39. The custom computing apparatus of claim 36, wherein 
the configuration further comprises a configuration to deter 
mine a second scheduling function orchestrating the opera 
tions in the program into fine grained parallel execution with 
optimized contiguous accesses to the primary memory. 

40. The custom computing apparatus of claim 39, wherein 
accesses to non-contiguous primary memory locations are 
promoted in a new location in a secondary memory, shared by 
multiple execution units. 

41. The custom computing apparatus of claim 40, wherein 
the configuration further comprises a configuration to apply 
unimodular reindexing to at least one promoted memory ref 
erence to optimize the amount of storage needed in the sec 
ondary memory. 
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42. The custom computing apparatus of claim 40, wherein 

the configuration further comprises a configuration to insert 
copy instructions into the program, the copy operations to 
transfer data between primary and secondary memories. 

43. The custom computing apparatus of claim 42, wherein 
one of the inserted copy instructions comprises an instruction 
involving sequential access to contiguous memory locations. 

44. The custom computing apparatus of claim 42, wherein 
the inserted copy instructions comprises an instruction 
involving memory access aligned modulo on an architecture 
specific factor. 

45. The custom computing apparatus of claim 42, wherein 
the configuration further comprises a configuration to deter 
mine a third scheduling function orchestrating the operations 
in the program and the explicit copy instructions, wherein the 
third scheduling function interleaves the copy instructions 
with instructions in the program. 

46. The custom computing apparatus of claim 45, wherein 
said third scheduling function optimizes contiguity of 
memory references along an arbitrary array dimension. 

47. The custom computing apparatus of claim 46, wherein 
the configuration further comprises a configuration to apply a 
unimodular reindexing function to at least one of the memory 
references to further optimize the contiguity of the memory 
accesses along the innermost array dimension. 

48. The custom computing apparatus of claim 28, wherein 
the second computing apparatus is a massively multi 
threaded multi-execution unit heterogeneous computing 
apparatus, the configuration further comprising a configura 
tion to: 

optimize a first global weighted parametric tradeoff of 
parallelism, locality and memory access contiguity costs 
of the operations in the program; 

optimize a second weighted parametric tradeoff of paral 
lelism, locality and memory access contiguity costs of 
the operations in the program; 

promote references accessing memory locations of a pri 
mary memory into a secondary memory shared by mul 
tiple execution units; 

generate optimized data transfer operations between pri 
mary and secondary memories; 

optimize a third weighted parametric function of parallel 
ism, locality and memory access contiguity costs of the 
data transfer operations and the operations in the pro 
gram, 

optimize the computer program for execution on a second 
computing apparatus, the second computing apparatus 
comprising at least two physical execution units, each 
physical execution unit executing at least two virtual 
threads of execution, the optimization further compris 
ing allocating computations to virtual threads of execu 
tion and generating synchronizations for execution on 
the at least two physical execution units; and 

produce an optimized computer program for execution on 
the second computing apparatus. 

49. The custom computing apparatus of claim 48, wherein 
the configuration further comprises a configuration to: 

perform an evaluation of a cost of contiguous memory 
accesses, 

perform an evaluation of a cost of synchronizations 
between dependent operations; 

select a number of virtual execution threads in a range 
comprised between the number of physical execution 
units and the maximal number of virtual threads of 
execution; and 

select at least one parallel dimension to be executed by 
virtual threads of execution. 
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50. The custom computing apparatus of claim 48, wherein 
the configuration further comprises a configuration to: 

perform a stripmine transformation on the selected parallel 
dimension; 5 

insert a global parameter representing the virtual thread of 
execution; and 

add a constraint to equate the value of the stripmined par 
allel dimension and said global parameter. 

10 
51. The custom computing apparatus of claim 48, wherein 

the configuration further comprises a configuration to insert 
conditional synchronizations between dependent operations. 

52. The custom computing apparatus of claim 48, wherein 
the configuration further comprises a configuration to mini- 15 
mize a weighted function of the synchronization costs. 

53. The custom computing apparatus of claim 48, wherein 
the configuration further comprises a configuration to pro 
mote at least one memory reference into a third memory, the 
third memory being private to only one virtual thread of 
execution. 

54. The custom computing apparatus of claim 48, wherein 
the configuration further comprises a configuration to per 
form unroll-and-jam on at least one parallel dimension, the at 25 
least one parallel dimension not involved in an equality with 
said at least one parallel dimension to be executed by virtual 
threads of execution. 
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