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(57) ABSTRACT
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SYSTEMS, METHODS AND APPARATUS FOR
DISTRIBUTED DECISION PROCESSING

CROSS REFERENCE TO RELATED
APPLICATIONS

This application is related to and claims the benefit of
priority to U.S. Provisional Application Ser. No. 61/158,665,
entitled “ALEF: A SAT SOLVER FOR MPI-CONNECTED
CLUSTERS”, filed Mar. 9, 2009, the entirety of which is
hereby incorporated by reference.

GOVERNMENT INTERESTS

Portions of this invention were made with U.S. Govern-
ment support under DARPA ACIP program contract number
W31P4Q-05-C-R171. The U.S. Government has certain
rights.

FIELD OF THE INVENTION

The present invention generally concerns data processing.
More particularly, the invention concerns a system, methods,
and apparatus for distributed decision processing.

BACKGROUND OF THE INVENTION

Distributed decision models are useful in a variety of prob-
lems. One important area where distributed decision process-
ing has seen some benefit is within an area known in the art as
Boolean Satisfiability (SAT) problems. SAT problems arise
in a number of arenas, but one of importance is in the field of
integrated circuit design and verification. As the demand for
more functional consumer electronics has increased, so has
the complexity of the integrated circuits powering the con-
sumer electronics. With the increase in the complexity of the
circuit there have been significant increases in the challenges
within the design and verification of these more complex
circuits.

In the verification process there are a number of comput-
erized techniques employed. For example, a common tech-
nique for verification of digital designs is known as model
checking. Model checking is typically implemented with a
Binary Decision Diagram (BDD). With recent advances in
SAT solvers they are proving to be a reasonable alternative to
BDD’s in digital circuit verification. A given Boolean for-
mula is considered satisfiable if all the variables in the for-
mula can take on such values to make the formula evaluate to
true. Alternatively, and potentially more important, if no com-
bination of values can be found that forces the function to
evaluate to true, then the formula is unsatisfiable.

SAT solvers typically require the function to be expressed
in Conjunctive Normal Form (CNF) which is a conjunction of
clauses, where a clause is a disjunction of literals. A literal is
either a variable name or its negation. A satisfying assignment
returned by the SAT solver corresponds to a counterexample
oflength k. Ifthe problem is unsatisfiable at length k, the SAT
returns a proof that there are no counterexamples of length
less than or equal to k.

The DPLL (Davis-Putnam-Logemann-Loveland algo-
rithm) is a complete, backtracking-based algorithm for decid-
ing the satisfiability of propositional logic formulae in con-
junctive normal form, i.e., for solving the CNF-SAT problem.
The basic backtracking algorithm runs by choosing a branch-
ing literal, assigning a truth value to it, simplifying the for-
mula, and then recursively checking if the simplified formula
is satisfiable. If this is the case, the original formula is satis-
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fiable; otherwise, the same recursive check is done assuming
the opposite truth value. This is known as the splitting rule, as
it splits the problem into two simpler sub-problems. The
simplification step essentially removes all clauses which
become true under the assignment from the formula, and all
literals that become false from the remaining clauses.

Multiple contributions well-known by engineers knowl-
edgeable in the field have been proposed in the literature,
mainly in three directions: 1. defining different policies for
choosing the branching literals; 2. defining new data struc-
tures to make the algorithm faster, especially the part on unit
propagation; and 3. defining variants of the basic backtrack-
ing algorithm. The latter direction includes non-chronologi-
cal backtracking and clause learning. These refinements
describe a method of backtracking after reaching a conflict
clause which “learns” the root causes (assignments to vari-
ables) of the conflict in order to avoid reaching the same
conflict again. Intuitively, backtracking can be viewed as
jumping back to the root problem in a sequence of decisions
and making the opposite decision.

The following strategies are well-known by engineers
knowledgeable in the field: Restarts: have been previously
introduced in the literature as a way to break a sequence ofbad
decision by starting over at certain points in the resolution and
resetting the heuristic that chooses the branching literals.
Number of learned clauses per conflict: each conflict can be
summarized by multiple learned clauses that avoid reaching
this conflict again. Traditional algorithms have been using
one of such clause per conflict. Conflict clause minimization:
has been introduced in the literature and is a technique to
make the learned conflict clauses as small as possible. Deci-
sion replay: has been introduced in the literature to replay
decisions that were not proven bad. The intuition is to avoid
discarding useful choices when a backtracking goes too far to
undo the root decision problem. Database compaction: the
number of clauses can grow to unmanageable sizes; database
compaction discards learned clauses.

With complex digital designs, verification approaches can
be significantly complex and the memory limits of a computer
can be quickly reached. Therefore, there exists a need for
more efficient SAT solvers.

SUMMARY OF THE INVENTION

The present invention provides a system, apparatus, and
methods for distributed decision processing. Various embodi-
ments of the present invention provide a method, apparatus,
and computer software product for generating solutions to
logical decision problems through the use of multi-process-
ing element computing apparatus. In one embodiment, a
method is provided that receives a formula in a memory; the
method then generates multiple replications of the formula. In
some embodiments, the number of replications of the formula
is related to the number of processing elements available on
the computing apparatus. The provided method then assigns
one replication to a first processing element and another to a
second processing element. Each of the processing elements
is then configured to solve the formula using, in some
embodiments, different solution tactics. The method further
allows each of these processing elements to communicate
with each other over a message-passing interface. In some
embodiments, information passed across the message-pass-
ing interface is used by the receiving processing element in its
solution of the formula.

In another embodiment of a provided method, the paramet-
ric space of options available to each of a plurality of process-
ing elements is defined. In some embodiments, this space is
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related to decision procedures available to the processing
elements. In this method, a choice of instantiation of one or
more of the procedures is additionally distributed to the pro-
cessing elements. Each of the processing elements may then
separately instantiate a subset of options in the space based on
its choice of instantiation.

Another embodiment provides a custom computing appa-
ratus. This custom computing apparatus contains a number of
processing elements and a memory. Contained within the
memory are a set of processor executable instructions that,
when executed by at least one of the processors, configures
the custom computing apparatus to generate a solution to a
logical decision problem. In one embodiment of this configu-
ration, a formula is received in a memory; the configuration
then generates multiple replications of the formula. In some
embodiments the number of replications of the formula is
related to the number of processing elements available on the
computing apparatus. The configuration then assigns one rep-
lication to a first processing element and another to a second
processing element. Each of the processing elements is then
configured to solve the formula using, in some embodiments,
different solution tactics. The configuration further allows
each of these processing elements to communicate with each
other over a message-passing interface. In some embodi-
ments, information passed across the message passing inter-
face is used by the receiving processing element in its solution
of the formula.

A further embodiment of a custom computing apparatus is
additionally provided. In this embodiment, the computing
apparatus also contains multiple processing elements and at
least one memory that is in communication with these ele-
ments. Contained within the memory is a set of processor
executable instructions that, when executed by at least one of
the processing elements, configure the computing apparatus
to define the parametric space of options available to each of
aplurality of processing elements. In some embodiments, this
space is related to decision procedures available to the pro-
cessing elements. In this configuration, a choice of instantia-
tion of one or more of the procedures is additionally distrib-
uted to the processing elements. Each of the processing
elements may then separately instantiate a subset of options
in the space based on its choice of instantiation.

In another embodiment a computer software product is
provided. The computer software product includes a non-
transitory medium with a set of processor executable instruc-
tions. These instructions are such that when executed by a
processing element contained with a multiple processing ele-
ment computing apparatus, they configure the apparatus to
generate a solution to a logical decision problem. In one
embodiment of this configuration, a formula is received in a
memory; the configuration then generates multiple replica-
tions of the formula. In some embodiments the number of
replications of the formula is related to the number of pro-
cessing elements available on the computing apparatus. The
configuration then assigns one replication to a first processing
element and another to a second processing element. Each of
the processing elements is then configured to solve the for-
mula using, in some embodiments, different solution tactics.
The configuration further allows each of these processing
elements to communicate with each other over a message
passing interface. In some embodiments, information passed
across the message passing interface is used by the receiving
processing element in its solution of the formula.

A further provided embodiment of a computer software
product additionally includes a non-transitory medium with a
set of processor executable instructions on it. In this embodi-
ment, the instructions are sufficient that when executed by at
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least one processing element of a multiple processing element
computing apparatus, they configure the apparatus to define
the parametric space of options available to each of a plurality
of processing elements. In some embodiments, this space is
related to decision procedures available to the processing
elements. In this configuration, a choice of instantiation of
one or more of the procedures is additionally distributed to the
processing elements. Each of the processing elements may
then separately instantiate a subset of options in the space
based on its choice of instantiation.

These and other features and advantages of the present
invention will be appreciated from review of the following
detailed description of the invention, along with the accom-
panying figures in which like reference numerals refer to like
parts throughout.

BRIEF DESCRIPTION OF THE DRAWINGS

Various embodiments taught herein are illustrated by way
of'example, and not by way of limitation, in the figures of the
accompanying drawings, in which:

FIG. 1 illustrates a computer network and a custom com-
puting apparatus consistent with provided embodiments;

FIG. 2 illustrates processors with multi-stage execution
units;

FIG. 3 illustrates an embodiment of a provided method;

FIG. 4 illustrates an embodiment of a provided method;

FIGS. 5a and 55 illustrate an embodiment of a provided
method;

FIG. 6 illustrates an embodiment of a provided method;
and

FIG. 7 illustrates an embodiment of a provided method.

It will be recognized that some or all of the Figures are
schematic representations for purposes of illustration and do
not necessarily depict the actual relative sizes or locations of
the elements shown. The Figures are provided for the purpose
of illustrating one or more embodiments with the explicit
understanding that they will not be used to limit the scope or
the meaning of the claims.

DETAILED DESCRIPTION OF THE INVENTION

In the following paragraphs, the present invention will be
described in detail by way of example with reference to the
attached drawings. While this invention is capable of embodi-
ment in many different forms, there is shown in the drawings
and will herein be described in detail specific embodiments,
with the understanding that the present disclosure is to be
considered as an example of the principles of the invention
and not intended to limit the invention to the specific embodi-
ments shown and described. That is, throughout this descrip-
tion, the embodiments and examples shown should be con-
sidered as exemplars, rather than as limitations on the present
invention. Descriptions of well-known components, methods
and/or processing techniques are omitted so as to not unnec-
essarily obscure the invention. As used herein, the “present
invention” refers to any one of the embodiments of the inven-
tion described herein, and any equivalents. Furthermore, ref-
erence to various feature(s) of the “present invention”
throughout this document does not mean that all claimed
embodiments or methods must include the referenced feature
(s).

As used in this application, the terms “component,” “mod-
ule,” “system,” and the like are intended to refer to a com-
puter-related entity, either hardware, firmware, a combination
of hardware and software, software, or software in execution.
For example, a component can be, but is not limited to being,
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a process running on a processor, an integrated circuit, an
object, an executable, a thread of execution, a program, and/or
a computer. By way of illustration, both an application run-
ning on a computing device and the computing device can be
a component. One or more components can reside within a
process and/or thread of execution, and a component can be
localized on one computer and/or distributed between two or
more computers. In addition, these components can execute
from various computer-readable media having various data
structures stored thereon. The components can communicate
by way of local and/or remote processes such as in accor-
dance with a signal having one or more data packets (e.g., data
from one component interacting with another component in a
local system, distributed system, and/or across a network
such as the Internet with other systems by way of the signal).

Moreover, various functions described herein can be
implemented in hardware, software, firmware, or any combi-
nation thereof. If implemented in software, the functions can
be stored on or transmitted over as one or more instructions or
code on a computer-readable medium. Computer-readable
media is non-transitory in nature and includes both computer
storage media and communication media including any
medium that facilitates transfer of a computer program from
one place to another. A storage media can be any available
media that can be accessed by a computer. By way of
example, and not limitation, such computer-readable media
can comprise RAM, ROM, EEPROM, CD-ROM, or other
optical disk storage, magnetic disk storage, or other magnetic
storage devices, or any other medium that can be used to carry
or store desired program code in the form of instructions or
data structures and that can be accessed by a computer. Also,
any physical connection is properly termed a computer-read-
able medium. For example, if the software is transmitted from
a website, server, or other remote source using a coaxial
cable, fiber optic cable, twisted pair, digital subscriber line
(DSL), or wireless technologies such as infrared, radio, and
microwave, then the coaxial cable, fiber optic cable, twisted
pair, DSL, or wireless technologies such as infrared, radio,
and microwave are included in the definition of medium. Disk
and disc, as used herein, includes compact disc (CD), laser
disc, optical disc, digital versatile disc (DVD), floppy disk,
and blu-ray disc (BD), where disks usually reproduce data
magnetically and discs reproduce data optically with lasers.
Combinations of the above should also be included within the
scope of computer-readable media.

Additionally, in the subject description, the word “exem-
plary” is used to mean serving as an example, instance, or
illustration. Any embodiment or design described herein as
“exemplary” is not necessarily to be construed as preferred or
advantageous over other embodiments or designs. Rather, use
of the word exemplary is intended to present concepts in a
concrete manner.

Embodiments of the present invention provide a custom
computing apparatus, illustrated in FIG. 1, that is configured
to optimize computer source code for operation on a second
computing apparatus. As illustrated, first custom computing
apparatus 10(a) is configured to communicate with second
computing apparatus 10(5) across network 20. A further illus-
tration of computing apparatus 10 is provided in FIG. 1. In
this illustration, custom computing apparatus 10(a) contains
at least one processor 30 (a-r), a communication port 40
communicating with the at least one processor 30 (a-z). Cus-
tom computing apparatus 10(a) additionally includes
memory 50, which in some embodiments includes depen-
dence analysis module 220. Custom computing apparatus
10(a), in some embodiments, additionally includes drive 70
configured to accept external storage medium 80. In some
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embodiments, external storage medium 80 is a CD, in others
a DVD. In these embodiments, drive 70 is configured to
accept the appropriate external storage medium 80. While CD
and DVD are specifically enumerated in these embodiments,
there are many external storage media that can be used to
practice various aspects of the invention; therefore, some
embodiments are not limited to the particular drive 70 con-
figuration or external media 80. Custom computing apparatus
1(a) additionally includes storage medium 60. Storage
medium 60 in some embodiments is a hard-disk drive, and in
others is a solid state drive. In some embodiments, storage
medium 60 contains a set of processor executable instructions
that when executed by the at least one processor 30(a-»), they
configure custom computing apparatus 10(a) to optimize
computer code for execution on computing apparatus 10(b).
While custom computing apparatus 10(a) and computing
apparatus 10(b) are illustrated in FIG. 1 communicating over
network 20, various embodiments of the invention do not
require this inter-computer communication. As used herein
the term “processing element™ can be a processor or an execu-
tion unit on a processor. Additionally, each processor may
contain multiple execution units.

Various embodiments of the present invention are directed
to processors containing multi-stage execution units, and in
some embodiments multiple execution units. By way of
example and not limitation to the particular multi-stage
execution unit, FIG. 2 illustrates exemplary multi-stage
execution units 90. In one embodiment, a 6-stage execution
unit is utilized. In this embodiment, the stages may include
instruction fetch, instruction decode, operand address genera-
tion, operand fetch, instruction execute, and result store. In
another depicted multi-stage architecture, the stages include
instruction fetch, instruction fetch & register decode, execute,
memory access, and register write-back. During routine
operation of a multi-stage execution unit, instructions are
processed sequentially moving from stage to stage. In sched-
uling operations on multi-stage execution unit processors,
there are inherent difficulties that arise. For example, one
instruction in one stage of the pipeline may attempt to read
from a memory location while another instruction is writing
to that location. This problem is confounded in the instance of
multiple processing cores. Additionally, in multiple processor
and/or multiple core architectures, the locality of data to the
execution unit attempting access can create significant delays
in processing. Additionally, some provided embodiments
include the use of multiple processing elements. In some
embodiments, these processing elements are threads in a
multi-threaded processor; in others they are individual pro-
cessors. In still further embodiments, they are processing
cores or execution units.

As is known in the art the Boolean satisfiability problem
(SAT) is a problem that seeks to determine if the variables of
a given Boolean formula can be assigned in a way as to make
the formula evaluate to 1 or “true”. If the set of inputs can be
so assigned the formula is “satisfiable”. On the other hand, if
no such assignment exists, this implies that the formula is
identically equal to O or “false” for all possible inputs. In this
case, the formula is considered “unsatisfiable. Most SAT
solvers require the formula under verification to be expressed
in conjunctive normal form (CNF) as a conjunction of clauses
which is a disjunction of variables or their negations. For
example, the CNF formula (a OR b) AND (NOT b OR ¢) is
satisfiable if a=0, b=1 and c=1.

Various embodiments of the present invention are directed
to improvements on the DPLL (Davis-Putnam-L.ogemann-
Loveland) algorithm. As is known in the art, the DPLL algo-
rithm is a backtracking-based algorithm for deciding the sat-
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isfiability of propositional logic formulae in conjunctive
normal form, i.e., for solving the CNF-SAT problem. The
basic backtracking algorithm runs by choosing a branching
literal, assigning a truth value to it, simplifying the formula,
and then recursively checking if the simplified formula is
satisfiable; if this is the case, the original formula is satisfi-
able. Otherwise, the same recursive check is done assuming
the opposite truth value. This is known as the splitting rule, as
it splits the problem into two simpler sub-problems. The
simplification step essentially removes all clauses which
become true under the assignment from the formula, and all
literals that become false from the remaining clauses.

Various improvements on the DPLL algorithm that are
known in the art are typically classified in three areas. First is
in defining different policies for choosing the branching lit-
erals. The second area is in defining new data structures to
make the algorithm faster. The third is in the area of defining
variants of the basic backtracking algorithm. This last direc-
tion includes non-chronological backtracking and clause
learning. These refinements describe a method of backtrack-
ing after reaching a conflict clause which “learns” the root
causes (assignments to variables) of the conflict in order to
avoid reaching the same conflict again. Intuitively, backtrack-
ing can be viewed as jumping back to the root problem in a
sequence of decisions and making the opposite decision.

One method known in the art for determining if a formula
is satisfiable is Conflict Directed Clause Learning. In this
method, conflict clauses are derived from logical implications
of'the original formula clauses that encapsulate learned infor-
mation about mutually unsatisfiable assignments. The dis-
covery of a conflict clause initiates a backtrack within the
current candidate set of assignments to a point that resolves
the conflict. For an instance running on a single processor, the
conflict clause generation and backtrack routines are tightly
coupled. The problem being solved is to abstract these opera-
tions in such a way that conflict clauses can be received from
external processes while initiating the proper backtrack. The
requirement is that the conflict clause received is a properly
formatted conflict, derived from the initial replicated clause
set, independent of the specific tactics employed in deriving
it.

Embodiments of the present invention include systems,
methods, and apparatus to manage previously known solution
tactics in a novel manner and additionally introduce new
tactics. For example, the following pseudo code illustrates a
binary back-propagation solution tactic. In this example, the
input parameters are as follows: stack (the assignment stack),
reasons (a structure that maps the assigned literals to the
clauses that forced the assignment), and conflict (a list of
literals forming conflict). The pseudo code function returns
the parameter result, which is the list of literals forming the
resulting conflict.

binary_backpropagation(stack, reasons, conflict):
WHILE not done
changed := FALSE
FORALL literal in conflict
reason_clause := reason_for assignment(reasons, literal)
TF length(reason_clause) equals 2 THEN {
other_literal := get_other_literal(reason_clause, literal)
IF level_in_stack(other_literal) < level_in_stack(literal) THEN {
sign =1
IF literal * other_literal less than O THEN sign := -1 END IF
replace_literal_in_conflict(conflict, literal, other_literal * sign)
changed := TRUE
} END IF
} END IF
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-continued
END FORALL
END WHILE
result := remove_duplicated_literals(conflict)
RETURN result

An exemplary embodiment of a provided method 100 is
illustrated in FIG. 3. In this embodiment, a formula for a
logical decision problem is received in memory in block 110.
In block 140, a first solution tactic is configured for a first
processing element, and in block 150 a second solution tactic
is configured for a second processing element. In blocks 120a
and 130, a replication of the formula is generated and
assigned to each of the processing element. Flow continues to
blocks 190(a) and 190(b) where the processing elements
begin to solve the formula by the assigned solution tactic. In
some embodiments, the solution tactics employed by the
processing elements include selection and assignment of lit-
erals in the formula. In some instances, these assignments
result in conflicts. In these embodiments, flow continues to
blocks 200(a) and 200(b) where the process identifies the
existence of new conflict clauses. If new conflicts exist, flow
continues to blocks 180(a) and 180(b) where the process
backtracks to the previous state assignments and the new
information related to conflict is learned. The process then
continues to 170a and 1705 where this new learned informa-
tion is aggregated and the periodicity of communicating the
learned information is controlled. At the appropriate time,
flow continues to block 160 where the learned information is
communicated to other processing elements across the mes-
sage-passing interface. Additionally, when the process back-
tracks to a previous state, flow continues back to blocks
190(a) and 190(b).

In some embodiments, the formula that is replicated and
solved contains a propositional logic component. In other
embodiments, the solution tactics comprises a search, and
decisions made in the course of the search can be saved in the
event of a backtrack. In additional embodiments, the solution
tactics include a function for replaying decisions made from
the backtrack. In still further embodiments, the backtracking
function is induced by learned information received on the
message-passing interface. In various embodiments, the
learned information is shared with other processing elements
across the message-passing interface. This learned informa-
tion can include a subset of conflict clauses derived by the
execution of the assigned solution tactic. In other embodi-
ments, this learned information can include a subset of must-
implications derived by the execution of the assigned solution
tactic. In some embodiments, the solution tactics used may
include a restarts enabled tactic, a number of learned clauses
per conflict tactic, a conflict clause minimization enabled
tactic, a decision replay enabled tactic, a binary back-propa-
gation enabled tactic, a database compaction enabled tactic,
and a binary-centric Boolean Constraint Propagation enabled
tactic.

Boolean Constraint Propagation (BCP) is a function
known in the art for propagating the implications of a logical
assignment. After a variable is selected and assigned with a
candidate assignment, those clauses that depend on the
assignment are examined. In the case where a clause exists
such that all but exactly one of the variables present in the
clause have been assigned and the clause has not been satis-
fied by any of those assignments, the assignment to the final
variable is forced and the assignment is made. The BCP
function maintains of a worklist of assignments to process,
each assignment potentially leading to new assignments that
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are added back to the worklist. The process continues until
either the worklist is empty (no more implications) or a case
is discovered in which a variable must simultaneously be set
true and false (a logical conflict). A logical conflict initiates a
backtrack.

A backtrack is a function known in the art for recovering
from a conflict derived from BCP. In a backtrack operation,
assignments are undone, beginning with the most recent and
proceeding in order, until a point is reached at which the
remaining assignments, and their logical implications, no
longer violate the conflict clause derived from the conflict.
The backtracking processes along the discrete level, known in
the art as decision levels. Each decision level begins with a
free choice of assignment and includes all of the assignments
derived from that choice through the BCP process. Decision
levels are numbered upward from 0, with assignments at level
0 being must-implications. A conflict inducing a backtrack
past level 0 indicates the formula is unsatisfiable.

An additional provided embodiment of a method 220 is
illustrated in FIG. 4. In some embodiments, method 220 is a
subset of the functions and operations of blocks 190(a) and
190(4). In this provided method, two copies of the replicated
formula are assigned to the processing element in blocks
120(a)(1) and 120(a)(2). Flow continues to blocks 190(a)(1)
and 190(a)(2) where the processing element attempts to solve
the replications of the formula by the assigned solution tactic.
Flow then continues to decision blocks 230(a) and 230(b)
where it is determined if any additional variables exist in the
formula. If additional variables exist, flow continues to blocks
240(a) and 240(b) where a variable is asserted TRUE, then to
250(a) and 250(b) where the same variable is asserted
FALSE. In blocks 240(a), 240(5), 250(a), and 250(b), the
implications of these assignments are additionally derived
through Boolean Constraint Propagation. Flow then contin-
ues to decision blocks 260(a) and 260(b) where it is deter-
mined if a must-implication exists. If so, this must-implica-
tion is communicated in block 270 across the message-
passing interface. If not, flow continues back to decision
blocks 230(a) and 230(b) and the process iterates.

As is known in the art, a must-implication is a logical
implication that exists when a particular clause takes on a
logical state regardless of the assertion of TRUE or FALSE. In
some embodiments, the solution tactics include deriving logi-
cal implications from the message-passing interface and
using these implications in the process of deriving a solution.
In some embodiments, the logical implication is a conflict
clause; in others, it is a must-implication. In some embodi-
ments, the process illustrated in method 220 is a partitioned
process operating on different portions of the same formula.
In these embodiments, the selection of a particular partition
may be made based on a score assigned to a variable in
another process. In other embodiments, the partitioning is
accomplished based on the number of times a function has
been called. In other embodiments, one of the solution tactics
includes Boolean Constraint Propagation with backtracking
and the deriving logical implications is performed when the
number of backtracks exceeds a threshold.

Another provided embodiment of a method 280 is illus-
trated in FIGS. 5a and 5b. In this embodiment, flow begins at
block 290 where a processing element configuration is read
from a file. Flow then continues to block 300 where variables
are instantiated. In this embodiment, block 300 receives
parameters such as processor index, the number of processors
present, and various communication-related parameters. In
no particular order, a number of decision blocks 320, 340,
370,410, 440, 470, and 490 are performed. As illustrated, the
decisions include whether restarts are enabled 320, whether
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multiple conflict clauses are enabled 340, whether conflict
clause minimization is enabled 370, whether binary propaga-
tion is enabled 410, whether binary centric BCP is enabled
440, whether database compaction is enabled 470, and
whether replays are enabled 490. In each instance, if the
configuration read from the file in block 290 does not include
the tested feature, flow continues to disable blocks 310, 350,
380, 420, 430, 480, and 500 where the particular feature is
disabled. If the feature is to be enabled, flow continues to
enable blocks 330,360,390, 400,450,460, and 510 where the
particular feature is enabled. Flow then continues to block
120 for replication of the formula on the particular processing
element.

Some embodiments of the present invention provide meth-
ods that allow processes using different solution tactics to
communicate learned information with each other and to
benefit from this information. The following pseudo code
illustrates the communications between processes, and the
activation and inactivation of the solution tactics.

processor_1( )

assignments := empty

reasons := empty

stack = empty

replay_stack := empty

configure_processor_1( )

WHILE remains_unassigned_variables(assignments)
IF replay_stack is not empty THEN find_next_assignment(assignments,
replay_stack)
ELSE find_next_assignment(assignments, stack) // common knowledge
END IF
IF use_restarts and number_of assignments reaches thresholdl THEN

increment thresholdl
replay_stack := empty
// forget current assignments and stack
backtrack_to_beginning(assignments, stack) // common knowledge
GOTO WHILE LOOP
} ELSE {
conflict := empty
IF use_binary_centric_bep THEN conflict := binary_centric_bep( )
ELSE conflict := regular_bep( ) // common knowledge
END IF
IF conflict is not empty THEN {
replay_stack := empty
IF use_binary_backpropagation
THEN conflict := binary_backpropagation(stack, reasons, conflict)
END IF
IF use_conflict_minimization
THEN conflict := minimize_conflict(conflict) // common
knowledge
END IF
IF use_binary_backpropagation
THEN conflict := binary_backpropagation(stack, reasons, conflict)
END IF
} END IF
IF number_of conflicts reaches threshold2 THEN {
increment threshold2
IF use_replay saved_stack := copy(stack) END IF
// modulate amount of communication and exchange with
neighbors
// (possibly all processes
exchange_information_with_neighbors( )
// forget current assignments and stack
backtrack_to_beginning(assignments, stack) // common knowl-
edge
} END IF
IF number_of_conflicts reaches threshold3 THEN {
increment threshold3
IF use_recursive_learning THEN {
// forget current assignments and stack
backtrack_to_beginning(assignments, stack) // common
knowledge
perform_recursive_learning( ) // common knowledge
// modulate amount of communication and exchange with
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-continued

neighbors
// (possibly all processes)
exchange_information_with neighbors( )
} END IF
} END IF
} END IF
END WHILE
terminate_all_processes( )
IF all_clauses_satisfied THEN RETURN assignments
ELSE RETURN empty
END IF
processor_N( )
assignments := empty
reasons := empty
stack = empty
replay_stack := empty
configure_processor_N( )
WHILE remains_unassigned_variables(assignments)
IF replay_stack is not empty THEN find_next_assignment(assignments,
replay_stack)
ELSE find_next_assignment(assignments, stack) // common knowledge
END IF
IF use_restarts and number_of assignments reaches thresholdl THEN

increment thresholdl
replay_stack := empty
// forget current assignments and stack
backtrack_to_beginning(assignments, stack) // common knowledge
GOTO WHILE LOOP
} ELSE {
conflict := empty
IF use_binary_centric_bep THEN conflict := binary_centric_bep( )
ELSE conflict := regular_bep( ) // common knowledge
END IF
IF conflict is not empty THEN {
replay_stack := empty
IF use_binary_backpropagation
THEN conflict := binary_backpropagation(stack, reasons, conflict)
END IF
IF use_conflict_minimization
THEN conflict := minimize_conflict(conflict) / common
knowledge
END IF
IF use_binary_backpropagation
THEN conflict := binary_backpropagation(stack, reasons, conflict)
END IF
} END IF
IF number_of conflicts reaches threshold2 THEN {
increment threshold2
IF use_replay saved_stack := copy(stack) END IF
// modulate amount of communication and exchange with
neighbors
// (possibly all processes)
exchange_information_with neighbors( )
// forget current assignments and stack
backtrack_to_beginning(assignments, stack) // common knowl-
edge
} END IF
IF number_of conflicts reaches threshold3 THEN {
increment threshold3
IF use_recursive_learning THEN {
// forget current assignments and stack
backtrack_to_beginning(assignments, stack) // common
knowledge
perform_recursive_learning( ) // common knowledge
// modulate amount of communication and exchange with
neighbors
// (possibly all processes
exchange_information_with neighbors( )
} END IF
} END IF
} END IF
END WHILE
terminate_all_processes( )
IF all_clauses_satisfied THEN RETURN assignments
ELSE RETURN empty
END IF

In some embodiments, these options are related to a deci-
sion procedure such as a solution tactic for a Satisfiability
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problem. In other embodiments, the process of evaluating if a
particular option is to be enabled includes assigning that
option a key and associating that key to an expression of zero
or more variables that can be evaluated by a processing ele-
ment. In some embodiments, this expression is an arithmetic
expression that supports the modulus operation. In others, it
supports if-then and if-then-else conditionals. In other
embodiments, these expressions are evaluated separately by
each processing element involved in solving the formula. In
other embodiments, this expression is in postfix notation. In
still further embodiments, these variables are specific to the
process being instantiated. Additional embodiments include
where these variables include a unique index of the process
being instantiated, a value related to the number of processes
being instantiated, and a value related to the capabilities of the
platform on which the process is being instantiated. In other
embodiments, these variables are stored to a file accessible to
other processing elements.

The enabling of multiple conflict clauses is known in the art
as the technique by which BCP is allowed to continue past the
discovery of a first conflict to determine if additional conflicts
are also implied. A conflict clause is then generated for each.
Conflict clause minimization is a known in the art as an
optimization technique for reducing the number of literals
contained in a conflict clause. Binary back-propagation is a
technique for optimizing a conflict clause using implications
derived from binary clauses (original or conflict). Binary-
centric BCP is a method for separating in the BCP process the
handling of binary and non-binary clauses. Database com-
paction is known in the art as a technique by which the set of
clauses being considered is reduced by removing clauses
satisfied by must-implications or conflict clauses that are no
longer active. The enabling of replays is a technique wherein
decisions that have been backtracked over as a result of find-
ing a conflict but that may be unrelated to the conflict, are
retested after the backtrack.

In still further embodiments, the parametric space contains
a parameter such as a seed to a random number generator, a
parameter related to a choice of tactics used by the decision
procedure, a parameter related to options affecting the behav-
ior of the decision procedure within a tactic, and a parameter
related to options affecting the frequency of functions called
within a tactic. In still further embodiments, the choice of
instantiation includes distributing all possible combinations
of choices of instantiation to the plurality of processing ele-
ments. In still further embodiments, the parametric space of
options can be explored dynamically by at least one process-
ing element during execution.

Another provided embodiment of a method 520 is illus-
trated in FIG. 6. In this method, the formula is replicated and
assigned to a particular processing element in block 120.
Flow continues to decision block 530 where it is determined
if additional unassigned literals exist in the formula. If so, one
is chosen and an assignment made. Flow continues to block
540 where all variables are propagated using binary clauses
only. In decision block 550 it is determined if a conflict exists,
if no conflict exists flow continues to block 570 where one
variable is propagated using non-binary clauses only. Flow
then continues to decision block 580 where it is again deter-
mined if a conflict exists. If no conflict exists, flow continues
back to decision block 530 and the process iterates. Returning
back to decision block 550, if a conflict is found, flow con-
tinues to decision block 560. Additionally, if a conflict is
found in decision block 580 flow continues to decision block
560. At block 560 it is determined if the conflict is a binary
clause. If the conflict is a binary clause, flow continues to
block 610 where it is added to the binary clause database and
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in block 630 put on the head of the binary watch list. Flow
then continues back to decision block 530. If in decision
block 560 it is determined that the clause is not binary, flow
continues to block 600 where it is added to the non-binary
database and put on the head of the non-binary watch list in
block 620. Flow then continues back to decision block 530
and the process iterates until decision block 530 determines
that there are no unassigned literals. Flow then continues to
block 640 where all searches are terminated.

In some embodiments, a data structure is used that main-
tains separation between the binary and non-binary clauses in
the formula. In other embodiments the data structure includes
different insertion points for binary and non-binary clauses.
In many embodiments, new assignments are deduced from
the watch lists. The concept of watch lists is of common
knowledge to the engineer knowledgeable in the art of SAT
solving. The intuition is to constantly monitor 2 unassigned
literals from every clause. When a clause that is not yet
satisfied has only 1 unassigned literal left, this literal must be
satisfied. Watch lists are a structure to efficiently track for
each literal, the list of clauses that can influence the literals
assignment. In other embodiments, Binary Constraint Propa-
gation is performed on all binary clauses before the non-
binary clauses. In other embodiments, a test for a must-im-
plication is additionally performed and a determination made
about the binary nature of a clause based on the must-impli-
cation. In other embodiments, a data structure includes a field
that is used to indicate whether a clause is binary or non-
binary.

The pseudo code below shows how an implementation of
binary centric BCP gives preference to binary clauses by first
performing resolution on the binary watchlists only.

// Input parameters:
// - stack: the assignment stack
// - reasons: a structure that maps assigned literals to the clause that
// forced the assignment
// - b_wls the watchlists for binary clauses, indexed by letarals
// - nb_wls the watchlists for non-binary clauses, indexed by literals
// - assignment: the current decision literal
// Output:
// - a conflict if a conflict is found or NULL if the assignments are all
consistent
binary_centric_ BCP(stack, reasons, b_wls, nb_wls, assignment):
FORALL clause in b_wls[not(assignment)]
other_literal = get_other_literal(clause, assignment)
IF is_unassigned(other_literal) THEN {
assign(other_literal)
return binary_centric. BCP(stack, reasons, b_wls, nb_wls,
other_literal)
} ELSE IF is_already_assigned(other_literal) THEN {
IF is_correctly_assigned(other_literal) THEN {
CONTINUE FORALL
} ELSE {
conflict = generate_binary_conflict(clause, other_literal)
RETURN conflict
} END IF
} END IF
} END FORALL
RETURN regular BCP(stack, reasons, b_wls, nb_wls, assignment) //
common knowledge

The high-level solver function inserts binary and non-binary
conflicts in the proper watch lists.

processor( )
assignments := empty
reasons :=empty
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-continued

stack = empty

replay_stack := empty

configure_processor( )

WHILE remains_unassigned_variables(assignments)
IF replay_stack is not empty THEN find_next_assignment(assignments,
replay_stack)
ELSE find_next_assignment(assignments, stack) // common knowledge
END IF
IF use_restarts and number_of assignments reaches thresholdl THEN

increment thresholdl
replay_stack := empty
// forget current assignments and stack
backtrack_to_beginning(assignments, stack) // common knowledge
GOTO WHILE LOOP
} ELSE {
conflict := empty
IF use_binary_centric_bep THEN {
conflict := binary_centric_bep( )
IF is_binary(conflict) THEN {
insert_at_head_of binary_watchlist(conflict)
} ELSE {
insert_at_head_of_non_binary_watchlist(conflict)
} END IF
} ELSE conflict := regular_bep( ) // common knowledge
END IF
IF conflict is not empty THEN {
replay_stack := empty
IF use_binary_backpropagation
THEN conflict := binary_backpropagation(stack, reasons, conflict)
END IF
IF use_conflict_minimization
THEN conflict := minimize_conflict(conflict) // common
knowledge
END IF
IF use_binary_backpropagation
THEN conflict := binary_backpropagation(stack, reasons, conflict)
END IF
} END IF
IF number_of conflicts reaches threshold2 THEN {
increment threshold2
IF use_replay saved_stack := copy(stack) END IF
// modulate amount of communication and exchange with
neighbors
// (possibly all processes)
exchange_information_with_neighbors( )
// forget current assignments and stack
backtrack_to_beginning(assignments, stack) // common knowl-
edge
} END IF
IF number_of conflicts reaches threshold3 THEN {
increment threshold3
IF use_recursive_learning THEN {
// forget current assignments and stack
backtrack_to_beginning(assignments, stack) // common
knowledge
perform_recursive_learning( ) // common knowledge
// modulate amount of communication and exchange with
neighbors
// (possibly all processes
exchange_information_with_neighbors()
} END IF
} END IF
} END IF
END WHILE
terminate_all_processes( )
IF all_clauses_satisfied THEN RETURN assignments
ELSE RETURN empty

Another embodiment of a provided method 650 is illus-
trated in FIG. 7. In this embodiment, the formula is replicated
and assigned to a particular processing element in block 120.
Flow then continues to block 190 where the particular solu-
tion tactic for this processing element is accomplished. Flow
continues to block decision 550, where it is determined if a
conflict exists. If no conflicts exist, flow continues to block
640 where all searches are terminated. As with other embodi-
ments, the termination and other information can, be commu-
nicated over a network 20, or other message passing interface,
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to other processing elements. If a conflict is found in decision
block 550 flow proceeds to decision block 660 where it is
determined an unexamined literal exists in the conflict clause.
If not flow continues to block 700 where backtracking is
performed and the new clause added to learned clauses. Flow
then continues to block 120. If at decision block 660 it is
determined that there is a non-examined literal in the conflict
clause, flow proceeds to decision block 670 where it is deter-
mined if the literal was derived from a binary clause. If not,
flow returns to block 660. If it is determined that the literal is
derived from a binary clause, flow continues to block 680
where it is determined if another literal has a previous assign-
ment. If so, flow continues to block 690 where the second
literal is substituted into the conflict clause and flow continues
back to 660. If the second literal was not previously assigned,
flow continues back to 660.

In some embodiments, the first clause is a binary clause in
others it is not. Additional embodiments include embodi-
ments where the second clause is binary and included the
negated literal under consideration in the first clause. Addi-
tional embodiments include embodiments where one-to-one
substitution is performed on all literals identified within a
particular conflict clause. Since this provided method is inde-
pendent from routine conflict clause minimization it can be
performed in conjunction with this minimization occurring
either before or after the minimization.

Conflict clause minimization is known in the art and is a
technique used to make the learned conflict as small as pos-
sible. Various aspects of the present invention additionally
perform substitutions of literals in the generated learned
clauses. An example of these substitutions is seen in the below
pseudo code.

// Input parameters:
// - stack: the assignment stack
// - reasons: a structure that maps assigned literals to the clause that
// forced the assignment
// - conflict: a list of literals forming a
// Output parameter:
// - result: the list of literals forming the resulting conflict
binary_backpropagation(stack, reasons, conflict):
WHILE not done
changed := FALSE
FORALL literal in conflict
reason_clause := reason_for_assignment(reasons, literal)
TF length(reason_clause) equals 2 THEN {
other_literal := get_other_literal(reason_clause, literal)
IF level_in_stack(other_literal) < level_in_stack(literal) THEN {
sign =1
IF literal * other_literal less than O THEN sign := -1 END IF
replace_literal_in_conflict(conflict, literal, other_literal * sign)
changed := TRUE
} END IF
} END IF
END FORALL
END WHILE
result := remove_duplicated_literals(conflict)
RETURN result

It is to be understood that the aspects described herein can
be implemented by hardware, software, firmware, middle-
ware, microcode, or any combination thereof. When the sys-
tems and/or methods are implemented in software, firmware,
middleware or microcode, program code or code segments,
they can be stored in a machine-readable medium, such as a
storage component. A code segment can represent a proce-
dure, a function, a subprogram, a program, a routine, a sub-
routine, a module, a software package, a class, or any com-
bination of instructions, data structures, or program
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statements. A code segment can be coupled to another code
segment or a hardware circuit by passing and/or receiving
information, data, arguments, parameters, or memory con-
tents. Information, arguments, parameters, data, etc. can be
passed, forwarded, or transmitted using any suitable means
including memory sharing, message passing, token passing,
network transmission, etc.

For a software implementation, the techniques described
herein can be implemented with modules (e.g., procedures,
functions, and so on) that perform the functions described
herein. The software codes can be stored in memory units and
executed by processors. The memory unit can be imple-
mented within the processor or external to the processor, in
which case it can be communicatively coupled to the proces-
sor via various means as is known in the art.

Thus, it is seen that methods and an apparatus for distrib-
uted decision processing are provided. One skilled in the art
will appreciate that the present invention can be practiced by
other than the above-described embodiments, which are pre-
sented in this description for purposes of illustration and not
of limitation. The specification and drawings are not intended
to limit the exclusionary scope of this patent document. It is
noted that various equivalents for the particular embodiments
discussed in this description may practice the invention as
well. That is, while the present invention has been described
in conjunction with specific embodiments, it is evident that
many alternatives, modifications, permutations and varia-
tions will become apparent to those of ordinary skill in the art
in light of the foregoing description. Accordingly, it is
intended that the present invention embrace all such alterna-
tives, modifications and variations as fall within the scope of
the appended claims. The fact that a product, process or
method exhibits differences from one or more of the above-
described exemplary embodiments does not mean that the
product or process is outside the scope (literal scope and/or
other legally-recognized scope) of the following claims.

What is claimed is:

1. A method of solving a logical decision problem in a
multi-processing element custom computing apparatus, the
method comprising:

receiving a formula in a memory;

generating, a plurality of replications of the formula, the

number of replications in the plurality related to a num-
ber of processing clements in the custom computing
apparatus;

assigning one of the plurality of replications of the formula

to a first processing element;

assigning a second replication of the plurality to a second

processing element;

configuring the first processing element to solve the for-

mula using a first solution tactic and the second process-
ing element to solve the formula using a second solution
tactic; and

enabling a message passing interface between the first

processor and the second processor, wherein the first and
second processing elements are configured to incorpo-
rate information received from the message passing
interface into its solution tactic.

2. The method of claim 1, wherein the formula has a propo-
sitional logic component.

3. The method of claim 2, wherein either the first solution
tactic or the second solution tactic comprises a search and,
decisions made in the course of the search can be saved in the
event of a backtrack.

4. The method of claim 3, wherein either the first solution
tactic or the second solution tactic further comprises a func-
tion for replaying decisions made from the backtrack.
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5. The method of claim 4, wherein the backtrack is induced
by learned information received on the message passing inter-
face.

6. The method of claim 2, wherein at least one of the first or
second solution tactic comprises a tactic selected from the
group consisting of: a restarts enabled tactic, a number of
learned clauses per conflict tactic, a conflict clause minimi-
zation enabled tactic, a decision replay enabled tactic, a
binary back-propagation enabled tactic, a database compac-
tion enabled tactic, and a binary-centric Boolean Constraint
Propagation enabled tactic.

7. The method of claim 2, wherein the information received
is a subset of the set of conflict clauses derived by the execu-
tion of either the first or the second solution tactic.

8. The method of claim 2, wherein the information received
is a subset of the set of must-implications derived by the
execution of either the first or the second solution tactic.

9. The method of claim 1, wherein the information received
comprises an aggregation of messages containing learned
information, the first and second processing elements further
configured to control the occurrence and frequency of send
communications on the message passing interface.

10. The method of claim 9, wherein the configuration for
the first processing element and the second processing ele-
ment to control the occurrence and frequency of send com-
munications on the message passing interface are different.

11. The method of claim 9, wherein the configuration for
the first processing element or the configuration for the sec-
ond processing element to control the occurrence and fre-
quency of send communications on the message passing
interface further comprises a configuration to adapt the fre-
quency of send communications based on the communication
bandwidth of the message passing interface.

12. The method of claim 2, wherein at least one of the first
and the second solution tactics comprise deriving logical
implications from information received from the message
passing interface.

13. The method of claim 12 wherein the deriving logical
implications further comprises:

assigning a variable in the formula a TRUE state;

producing a first set of implications through Boolean con-

straint propagation of the TRUE state assignment;
assigning the variable a FALSE state;

producing a second set of implications through Boolean

constraint propagation of the FALSE state assignment;
and

assigning states common to both the first set and the second

set of implications.

14. The method of claim 13, further comprising:

partitioning the formula into a set of variables; and

selecting the variable for assignment from a score related to
the variable.

15. The method of claim 14, further comprising calculating
the number of times a function has been called and restricting
the partition of the variables based on this calculation.

16. The method of claim 12 wherein at least one of the first
or the second solution tactic comprises Boolean constraint
propagation with backtracking, the deriving logical implica-
tions is performed when the number of backtracks exceeds a
threshold.

17. The method of claim 12 further comprising sending the
logical implications across the message passing interface.

18. The method of claim 17, wherein the logical implica-
tion is an implication selected from a group comprising a
must-implication and a conflict clause.

19. The method of claim 2, wherein the propositional logic
component comprises binary and non-binary clauses, the
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method further comprising performing Boolean constraint
propagation that discriminates between the binary and non-
binary clauses.

20. The method of claim 19, further comprising forming a
data structure that maintains separation between the binary
and non-binary clauses.

21. The method of claim 20, wherein the data structure
comprises different insertion points for binary and non-bi-
nary clauses.

22. The method of claim 19, wherein the formula com-
prises a set of clauses each of the set of clauses comprising at
least one literal, the method further comprising:

forming a list of watched literals from the set of clauses;

performing Boolean constraint propagation on each

watched literal;

deducing new assignments from the Boolean constraint

propagation; and

implying new assignments from the Boolean constraint

propagation.

23. The method of claim 19, further comprising perform-
ing Binary constraint propagation on all binary clauses in the
propositional logic component before performing Boolean
constraint propagation on the non-binary clauses in the
propositional logic component.

24. The method of claim 19, further comprising determin-
ing if a non-binary clause becomes a binary clause because of
a must-implication.

25. The method of claim 24, wherein the clause comprises
afield, the value of the field indicating if the clause is a binary
or a non-binary clause.

26. The method of claim 2 wherein the propositional logic
component comprises binary and non-binary clauses, the
method further comprising performing conflict clause gen-
eration that distinguishes between binary and non-binary
clauses.

27. The method of claim 26, further comprising identifying
a candidate conflict clause and performing one-to-one sub-
stitutions on all literals within the identified conflict clause.

28. The method of claim 26, further comprising:

(a) identifying a first conflict clause;

(b) identitying a first literal in the first conflict clause;

(c) identifying a second binary conflict clause, the second

binary clause containing the negated first literal; and

(d) replacing a literal in the first binary conflict clause if a

second literal within the second binary conflict clause
has a state assignment before the first literal in the first
binary conflict clause.
29. The method of claim 28, wherein (a) through (d) is
performed before Conflict clause minimization.
30. The method of claim 28, wherein (a) through (d) is
performed after conflict clause minimization.
31. A computerized method comprising:
defining a parametric space of options available to each of
aplurality of processing elements, the options related to
a decision procedure;

distributing to each of the plurality of processing elements
a choice of instantiation, the choice of instantiation
related to the options in the parametric space; and

separately instantiating a subset of the options in the para-
metric space for each of the plurality of processing ele-
ments based on the choice of instantiation.

32. The method of claim 31, wherein the decision proce-
dure is a Boolean Satisfiability (SAT) solver.

33. The method of claim 31, further comprising associating
aplurality of keys each of the plurality representing one ofthe
parametric space of options to an expression that can that can
be evaluated to the choice of value for that option.
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34. The method of claim 33, further comprising evaluating
the expression separately by each of the plurality of process-
ing elements.

35. The method of claim 33, wherein the expression is an
arithmetic expression containing zero or more variables.

36. The method of claim 35, wherein the expression is in
postfix notation.

37. The method of claim 35, wherein the expression con-
tains variables whose interpretation in specific to the process
being instantiated.

38. The method of claim 37, wherein one of the variables is
associated with a parameter selected from a group consisting
of: a unique index of the process being instantiated, a value
related to the number of processes being instantiated, a value
related to the capabilities of the platform on which the process
is being instantiated.

39. The method of claim 33, further comprising storing the
association to a file accessible by each of the plurality of
processing elements.

40. The method of claim 33, wherein the arithmetic expres-
sion comprises support for an operation selected from a group
consisting of: a modulus operation, an if-then conditional
operation and an if-then-else conditional operation.

41. The method of claim 31, wherein the parametric space
comprises a parameter selected from a group consisting of: a
seed to a random number generator; a parameter related to a
choice of tactics used by the decision procedure; a parameter
related to options affecting the behavior of the decision pro-
cedure within a tactic, a parameter related to options affecting
the frequency of functions called within a tactic.

42. The method of claim 31, wherein the distribution of
choices of instantiation comprises distributing all possible
combinations of choices of instantiation to the plurality of
processing elements.

43. The method of claim 31, further comprising specifying
a parametric space of options that can be explored dynami-
cally by at least one processing element during execution.

44. A custom computing apparatus for solving a logical
decision problem in a multi-processing element custom com-
puting apparatus comprising:

a plurality of processing elements;

a memory in communication with the plurality of process-
ing elements, the memory comprising a set of processor
executable instructions such that when executed by one
or more processing elements configure the custom com-
puting apparatus to:

receive a formula in the memory;

generate, a plurality of replications of the formula, the
number of replications in the plurality related to the
number of processing elements in the custom computing
apparatus;

assign one of the plurality of replications of the formula to
a first processing element of the plurality;

assign a second replication of the plurality to a second
processing element of the plurality;

configure the first processing element to solve the formula
using a first solution tactic and the second processing
element to solve the formula using a second solution
tactic; and

enable a message passing interface between the first pro-
cessor and the second processor, wherein the first and
second processing elements are configured to incorpo-
rate information received from the message passing
interface into its solution tactic.

45. The custom computing apparatus of claim 44, wherein

the formula has a propositional logic component.
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46. The custom computing apparatus of claim 45, wherein
either the first solution tactic or the second solution tactic
comprises a search and, decisions made in the course of the
search can be saved in the event of a backtrack.

47. The custom computing apparatus of claim 46, wherein
either the first solution tactic or the second solution tactic
further comprises a function for replaying decisions made
from the backtrack.

48. The custom computing apparatus of claim 47, wherein
the backtrack is induced by learned information received on
the message passing interface.

49. The custom computing apparatus of claim 45, wherein
at least one of the first or second solution tactic comprises a
tactic selected from the group consisting of: arestarts enabled
tactic, a number of learned clauses per conflict tactic, a con-
flict clause minimization enabled tactic, a decision replay
enabled tactic, a binary back-propagation enabled tactic, a
database compaction enabled tactic, and a binary-centric
Boolean Constraint Propagation enabled tactic.

50. The custom computing apparatus of claim 45, wherein
the information received is a subset of the set of conflict
clauses derived by the execution of either the first or the
second solution tactic.

51. The custom computing apparatus of claim 45, wherein
the information received is a subset of the set of must-impli-
cations derived by the execution of either the first or the
second solution tactic.

52. The custom computing apparatus of claim 44, wherein
the information received comprises an aggregation of mes-
sages containing learned information, the first and second
processing elements further configured to control the occur-
rence and frequency of send communications on the message
passing interface.

53. The custom computing apparatus of claim 52, wherein
the configuration for the first processing element and the
second processing element to control the occurrence and
frequency of send communications on the message passing
interface are different.

54. The custom computing apparatus of claim 52, wherein
the configuration for the first processing element or the con-
figuration for the second processing element to control the
occurrence and frequency of send communications on the
message passing interface further comprises a configuration
to adapt the frequency of send communications based on the
communication bandwidth of the message passing interface.

55. The custom computing apparatus of claim 45, wherein
at least one of the first and the second solution tactics com-
prise a solution tactic configured to derive logical implica-
tions from information received from the message passing
interface.

56. The custom computing apparatus of claim 55, wherein
the configuration to derive logical implications further com-
prises a configuration to:

assign a variable in the formula a TRUE state;

produce a first set of implications through Boolean con-

straint propagation of the TRUE state assignment;
assign the variable a FALSE state;

produce a second set of implications through Boolean con-

straint propagation of the FALSE state assignment; and
assign states common to both the first set and the second set
of implications.

57. The custom computing apparatus of claim 56, wherein
the configuration further comprises a configuration to:

partition the formula into a set of variables; and

select the variable for assignment from a score related to

the variable.
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58. The custom computing apparatus of claim 57, wherein
the configuration further comprises a configuration to calcu-
late the number of times a function has been called and restrict
the partition of the variables based on this calculation.

59. The custom computing apparatus of claim 55, wherein
at least one of the first or the second solution tactic comprises
Boolean constraint propagation with backtracking, the con-
figuration to derive logical implications is performed when
the number of backtracks exceeds a threshold.

60. The custom computing apparatus of claim 55, wherein
the configuration further comprises a configuration to send
the logical implications across the message passing interface.

61. The custom computing apparatus of claim 60, wherein
the logical implication is an implication selected from a group
comprising a must-implication and a conflict clause.

62. The custom computing apparatus of claim 45, wherein
the propositional logic component comprises binary and non-
binary clauses, the configuration further comprising a con-
figuration to perform Boolean constraint propagation that
discriminates between the binary and non-binary clauses.

63. The custom computing apparatus of claim 62, wherein
the configuration further comprises a configuration to form a
data structure that maintains separation between the binary
and non-binary clauses.

64. The custom computing apparatus of claim 63, wherein
the data structure comprises different insertion points for
binary and non-binary clauses.

65. The custom computing apparatus of claim 62, wherein
the formula comprises a set of clauses each of the set of
clauses comprising at least one literal, the configuration fur-
ther comprising a configuration to:

form a list of watched literals from the set of clauses;

perform Boolean constraint propagation on each watched

literal,

deduce new assignments from the Boolean constraint

propagation; and

imply new assignments from the Boolean constraint propa-

gation.

66. The custom computing apparatus of claim 62, wherein
the configuration further comprises a configuration to per-
form Binary constraint propagation on all binary clauses in
the propositional logic component before performing Bool-
ean constraint propagation on the non-binary clauses in the
propositional logic component.

67. The custom computing apparatus of claim 62, wherein
the configuration further comprises a configuration to deter-
mine if a non-binary clause becomes a binary clause because
of' a must-implication.

68. The custom computing apparatus of claim 67, wherein
the clause comprises a field, the value of the field indicating if
the clause is a binary or a non-binary clause.

69. The custom computing apparatus of claim 45, wherein
the propositional logic component comprises binary and non-
binary clauses, the configuration further comprising a con-
figuration to perform conflict clause generation that distin-
guishes between binary and non-binary clauses.

70. The custom computing apparatus of claim 69, wherein
the configuration further comprises a configuration to iden-
tify a candidate conflict clause and perform one-to-one sub-
stitutions on all literals within the identified conflict clause.

71. The custom computing apparatus of claim 69, wherein
the configuration further comprises a configuration to:

(a) identify a first conflict clause;

(b) identify a first literal in the first conflict clause;

(c) identify a second binary conflict clause, the second

binary clause containing the negated first literal; and
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(d) replace a literal in the first conflict clause if a second
literal within the second binary conflict clause has a state
assignment before the first literal in the first binary con-
flict clause.

72. The custom computing apparatus of claim 71, wherein
the configuration to perform (a) through (d) is performed
before conflict clause minimization.

73. The custom computing apparatus of claim 71, wherein
the configuration to perform (a) through (d) is performed after
conflict clause minimization.

74. A custom computing apparatus comprising:

a plurality of processing elements; and

a memory communicating with the plurality of processing
elements, wherein the memory comprises a set of pro-
cessor executable instructions that when executed by
one or more of the processing elements configured the
custom computing apparatus to:

define a parametric space of options available to each of the
plurality of processing elements, the options related to a
decision procedure;

distribute to each of the plurality of processing elements a
choice of instantiation, the choice of instantiation
related to the options in the parametric space; and

separately instantiate a subset of the options in the para-
metric space for each of the plurality of processing ele-
ments based on the choice of instantiation.

75. The custom computing apparatus of claim 74, wherein
the decision procedure is a Boolean Satisfiability (SAT)
solver.

76. The custom computing apparatus of claim 74, wherein
the configuration further comprises a configuration to asso-
ciate a plurality of keys each ofthe plurality representing one
of the parametric space of options to an expression that can
that can be evaluated to the choice of value for that option.

77. The custom computing apparatus of claim 76, wherein
the configuration further comprises a configuration to evalu-
ate the expression separately by each of the plurality of pro-
cessing elements.

78. The custom computing apparatus of claim 76, wherein
the expression is an arithmetic expression containing zero or
more variables.

79. The custom computing apparatus of claim 78, wherein
the expression is in postfix notation.

80. The custom computing apparatus of claim 73, wherein
the expression contains variables whose interpretation in spe-
cific to the process being instantiated.

81. The custom computing apparatus of claim 80, wherein
one of the variables is associated with a parameter selected
from a group consisting of: a unique index of the process
being instantiated, a value related to the number of processes
being instantiated, a value related to the capabilities of the
platform on which the process is being instantiated.

82. The custom computing apparatus of claim 81, wherein
the configuration further comprises a configuration to store
the association to a file accessible by each of the plurality of
processing elements.

83. The custom computing apparatus of claim 76, wherein
the arithmetic expression comprises support for an operation
selected from a group consisting of a modulus operation, an
if-then conditional operation and an if-then-else conditional
operation.

84. The custom computing apparatus of claim 74, wherein
the parametric space comprises a parameter selected from a
group consisting of: a seed to a random number generator; a
parameter related to a choice of tactics used by the decision
procedure; a parameter related to options affecting the behav-
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ior of the decision procedure within a tactic, a parameter
related to options affecting the frequency of functions called
within a tactic.
85. The custom computing apparatus of claim 74, wherein
the configuration to distribute choices of instantiation com-
prises a configuration to distribute all possible combinations
of choices of instantiation to the plurality of processing ele-
ments.
86. The custom computing apparatus of claim 74, wherein
the configuration further comprising a configuration to
specify a parametric space of options that can be explored
dynamically by at least one processing element during execu-
tion.
87. A computer software product for solving a logical
decision problem in a multi-processing element custom com-
puting apparatus, the product comprising:
at least one of a non-transitory computer storage medium
containing a set of processor executable instructions and
aphysical connection in electronic communication with
a storage medium, supplying thereto the set of processor
executable instructions, that when executed by one or
more processors of a plurality of processing elements
configure a custom computing apparatus to:
receive a formula in a memory, the memory in communi-
cation with the plurality of processing elements;

generate, a plurality of replications of the formula, the
number of replications in the plurality related to the
number of processing elements in the custom computing
apparatus;

assign one of the plurality of replications of the formula to

a first processing element of the plurality;

assign a second replication of the plurality to a second

processing element of the plurality;

configure the first processing element to solve the formula

using a first solution tactic and the second processing
element to solve the formula using a second solution
tactic; and

enable a message passing interface between the first pro-

cessor and the second processor, wherein the first and
second processing elements are configured to incorpo-
rate information received from the message passing
interface into its solution tactic.

88. The computer software product of claim 87, wherein
the formula has a propositional logic component.

89. The computer software product of claim 88, wherein
either the first solution tactic or the second solution tactic
comprises a search and, decisions made in the course of the
search can be saved in the event of a backtrack.

90. The computer software product of claim 89, wherein
either the first solution tactic or the second solution tactic
further comprises a function for replaying decisions made
from the backtrack.

91. The computer software product of claim 90, wherein
the backtrack is induced by learned information received on
the message passing interface.

92. The computer software product of claim 88, wherein at
least one of the first or second solution tactic comprises a
tactic selected from the group consisting of: a restarts enabled
tactic, a number of learned clauses per conflict tactic, a con-
flict clause minimization enabled tactic, a decision replay
enabled tactic, a binary back-propagation enabled tactic, a
database compaction enabled tactic, and a binary-centric
Boolean Constraint Propagation enabled tactic.

93. The computer software product of claim 88, wherein
the information received is a subset of the set of conflict
clauses derived by the execution of either the first or the
second solution tactic.
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94. The computer software product of claim 88, wherein
the information received is a subset of the set of must-impli-
cations derived by the execution of either the first or the
second solution tactic.

95. The computer software product of claim 87, wherein
the information received comprises an aggregation of mes-
sages containing learned information, the first and second
processing elements further configured to control the occur-
rence and frequency of send communications on the message
passing interface.

96. The computer software product of claim 95, wherein
the configuration for the first processing element and the
second processing element to control the occurrence and
frequency of send communications on the message passing
interface are different.

97. The computer software product of claim 95, wherein
the configuration for the first processing element or the con-
figuration for the second processing element to control the
occurrence and frequency of send communications on the
message passing interface further comprises a configuration
to adapt the frequency of send communications based on the
communication bandwidth of the message passing interface.

98. The computer software product of claim 88, wherein at
least one of the first and the second solution tactics comprise
a solution tactic configured to derive logical implications
from information received from the message passing inter-
face.

99. The computer software product of claim 98, wherein
the configuration to derive logical implications further com-
prises a configuration to:

assign a variable in the formula a TRUE state;

produce a first set of implications through Boolean con-

straint propagation of the TRUE state assignment;
assign the variable a FALSE state;

produce a second set of implications through Boolean con-

straint propagation of the FALSE state assignment; and
assign states common to both the first set and the second set
of implications.

100. The computer software product of claim 99, wherein
the configuration further comprises a configuration to:

partition the formula into a set of variables; and

select the variable for assignment from a score related to

the variable.

101. The computer software product of claim 100, wherein
the configuration further comprises a configuration to calcu-
late the number of times a function has been called and restrict
the partition of the variables based on this calculation.

102. The computer software product of claim 98, wherein
at least one of the first or the second solution tactic comprises
Boolean constraint propagation with backtracking, the con-
figuration to derive logical implications is performed when
the number of backtracks exceeds a threshold.

103. The computer software product of claim 98, wherein
the configuration further comprises a configuration to send
the logical implications across the message passing interface.

104. The computer software product of claim 103, wherein
the logical implication is an implication selected from a group
comprising a must-implication and a conflict clause.

105. The computer software product of claim 88, wherein
the propositional logic component comprises binary and non-
binary clauses, the configuration further comprising a con-
figuration to perform Boolean constraint propagation that
discriminates between the binary and non-binary clauses.

106. The computer software product of claim 105, wherein
the configuration further comprises a configuration to form a
data structure that maintains separation between the binary
and non-binary clauses.
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107. The computer software product of claim 106, wherein
the data structure comprises different insertion points for
binary and non-binary clauses.

108. The computer software product of claim 105, wherein
the formula comprises a set of clauses each of the set of
clauses comprising at least one literal, the configuration fur-
ther comprising a configuration to:

form a list of watched literals from the set of clauses;

perform Boolean constraint propagation on each watched

literal,

deduce new assignments from the Boolean constraint

propagation; and

imply new assignments from the Boolean constraint propa-

gation.

109. The computer software product of claim 105, wherein
the configuration further comprises a configuration to per-
form Binary constraint propagation on all binary clauses in
the propositional logic component before performing Bool-
ean constraint propagation on the non-binary clauses in the
propositional logic component.

110. The computer software product of claim 105, wherein
the configuration further comprises a configuration to deter-
mine if a non-binary clause becomes a binary clause because
of' a must-implication.

111. The computer software product of claim 110, wherein
the clause comprises a field, the value of the field indicating if
the clause is a binary or a non-binary clause.

112. The computer software product of claim 88, wherein
the propositional logic component comprises binary and non-
binary clauses, the configuration further comprising a con-
figuration to perform conflict clause generation that distin-
guishes between binary and non-binary clauses.

113. The computer software product of claim 112, wherein
the configuration further comprises a configuration to iden-
tify a candidate conflict clause and perform one-to-one sub-
stitutions on all literals within the identified conflict clause.

114. The computer software product of claim 112, wherein
the configuration further comprises a configuration to:

(a) identify a first conflict clause;

(b) identify a first literal in the first conflict clause;

(c) identify a second binary conflict clause, the second

binary clause containing the negated first literal; and

(d) replace a literal in the first conflict clause if a second

literal within the second binary conflict clause has a state
assignment before the first literal in the first binary con-
flict clause.

115. The computer software product of claim 114, wherein
the configuration to perform (a) through (d) is performed
before conflict clause minimization.

116. The computer software product of claim 114, wherein
the configuration to perform (a) through (d) is performed after
conflict clause minimization.

117. A computer software product comprising:

at least one of a non-transitory computer storage medium

containing a set of processor executable instructions and
aphysical connection in electronic communication with
a storage medium, supplying thereto the set of processor
executable instructions that when executed by one or
more processors within a computing apparatus, the com-
puting apparatus comprising a memory and a plurality of
processing elements, configure the computing apparatus
to:
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define a parametric space of options available to each of the
plurality of processing elements, the options related to a
decision procedure;
distribute to each of the plurality of processing elements a
choice of instantiation, the choice of instantiation
related to the options in the parametric space; and

separately instantiate a subset of the options in the para-
metric space for each of the plurality of processing ele-
ments based on the choice of instantiation.

118. The computer software product of claim 117, wherein
the decision procedure is a Boolean Satisfiability (SAT)
solver.

119. The computer software product of claim 117, wherein
the configuration further comprises a configuration to asso-
ciate a plurality of keys each ofthe plurality representing one
of the parametric space of options to an expression that can
that can be evaluated to the choice of value for that option.

120. The computer software product of claim 119, wherein
the configuration further comprises a configuration to evalu-
ate the expression separately by each of the plurality of pro-
cessing elements.

121. The computer software product of claim 119, wherein
the expression is an arithmetic expression containing zero or
more variables.

122. The computer software product of claim 121, wherein
the expression is in postfix notation.

123. The computer software product of claim 117, wherein
the expression contains variables whose interpretation in spe-
cific to the process being instantiated.

124. The computer software product of claim 123, wherein
one of the variables is associated with a parameter selected
from a group consisting of: a unique index of the process
being instantiated, a value related to the number of processes
being instantiated, a value related to the capabilities of the
platform on which the process is being instantiated.

125. The computer software product of claim 124, wherein
the configuration further comprises a configuration to store
the association to a file accessible by each of the plurality of
processing elements.

126. The computer software product of claim 119, wherein
the arithmetic expression comprises support for an operation
selected from a group consisting of: a modulus operation, an
if-then conditional operation and an if-then-else conditional
operation.

127. The computer software product of claim 117, wherein
the parametric space comprises a parameter selected from a
group consisting of: a seed to a random number generator; a
parameter related to a choice of tactics used by the decision
procedure; a parameter related to options affecting the behav-
ior of the decision procedure within a tactic, a parameter
related to options affecting the frequency of functions called
within a tactic.

128. The computer software product of claim 117, wherein
the configuration to distribute choices of instantiation com-
prises a configuration to distribute all possible combinations
of choices of instantiation to the plurality of processing ele-
ments.

129. The computer software product of claim 117, wherein
the configuration further comprising a configuration to
specify a parametric space of options that can be explored
dynamically by at least one processing element during execu-
tion.



